HIGHER MATHEMATICS

Polynomials & Quadratics
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40.	Calculator

	Find the range of values for p such that  has no real roots.
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54.	Non-Calculator
	The functions f and g are defined on the set of real numbers by


	 and .

(a) 

Given , show that .
(b) 

Express  in the form .
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86.	Non-Calculator


The diagram below shows the graph with equation , where .

                           [image: ]

(a) Find the values of a, b and k.
(b) 

For the function , where d is positive, determine the range of values of d for which  has exactly one real root.

87.	Non-Calculator



    (a)	Show that  is a factor of  and factorise  fully.


    (b)	Write down the coordinates of the points at which the graph of  meets the 
coordinate axes.


(c)	Find the coordinates of the stationary points of  and determine the nature of each.


(d)	Sketch the graph of .

    









88.	Non-Calculator
          [image: ]

89.	Non-Calculator
           [image: ]

90.	Calculator
          [image: ]

91.	Non-Calculator
          [image: ]





92.	Non-Calculator
 [image: ]

93.	Calculator
           [image: ]

94.	Calculator
     [image: ]

95.	Non-Calculator
          [image: ]

96.	Non-Calculator
           [image: ]


97.	Calculator
   [image: ]

98.	Non-Calculator
           [image: ]

99.	Non-Calculator
         [image: ]

100.	Non-Calculator
          [image: ]

101.	Non-Calculator
          [image: ]


102.	Calculator
          [image: ]

103.	Non-Calculator
    [image: ]

104.	Calculator
   [image: ]

105.	Calculator
           [image: ]


[bookmark: _GoBack]
106.	Non-Calculator
    [image: ]
















107.	Non-Calculator
           [image: ]




















108.	Non-Calculator
           [image: ]

109.	Calculator
           [image: ]
image2.png
The discriminant of a quadratic equation is 23.
Here are two statements about this quadratic equation:
(1) the roots are real;

(2) the roots are rational.

‘Which of the following is true?

A Neither statement is correct.
B Only statement (1) is correct.
C  Only statement (2) is correct.
D

Both statements are correct.
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(a)() Show that (x — 1) is a factor of 3x3 +4x2 - 5x - 2.

(i)  Factorise 3x° +4x* - 5x - 2 fully.

(b) Hence solve 3x° +4x* - 5x - 2=0.
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(@) Find a real root of the equation 2x” ~3x" +2x~8 =0,
(5 Show algebraically that there are no other real roots.
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Functions f, g and & are defined on the set of real numbers by

. f)=a'-1
o g =3x+1
.« h(x)=4x-5.

(a) Find g(f(x)).

(b) Show that g(f(x)) + xh(x) = 3x> + 42> = 5x = 2.

(¢) (i) Show that (x— 1) is a factor of 3x° +4x> = 5x— 2.
(ii) Factorise 3x° + 43% — 5x — 2 fully.

(d) Hence solve g(f(x)) + xh(x) = 0.
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(a)(i) Show that x = 3 is a root of the equation x* - 4x2 +x + 6.

(i1) Hence factorise x° - 4x> +x +6 fully.

(b) State the coordinates of the three points where the curve with
equation y=x" - 4x> + x + 6 meets the x-axis.
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fx)=x*—a?-5x-3.
(@) (i) Show that (x+1) is a factor of f(x).
(if) Hence or otherwise factorise f(x) fully.

(b) One of the turning points of the graph of y = f(x) lies on the x-axis.
Write down the coordinates of this turning point.
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A function fis defined by the formula f{x) =2x* - 7x* + 9 where x is a
real number.

(a) Show that (x - 3) is a factor of f(x) and hence factorise f(x) fully.

(b) Find the coordinates of all the points where the curve with equation
y =f{(x) crosses the coordinate axes.
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Here are two statements about the roots of the equation x> + x + 1= 0:

(1) the roots are equal;
(2) the roots are real.

‘Which of the following is true?

A Neither statement is correct.
B Only statement (1) is correct.
C  Only statement (2) is correct.
D

Both statements are correct.
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A function f is given by f(x) = 2x* —x - 9.

‘Which of the following describes the nature of the roots of f(x) = 02
A No real roots

B Equal roots

C  Real distinct roots

D

Rational distinct roots
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A function f is defined on the set of real numbers by f(x) = x* = 3x + 2.

(a) Find the coordinates of the stationary points on the curve ¥ = f(x) and
determine their nature.

() (i) Show that (x— 1)is a factor of &° = 3x+2.

(i) Hence or otherwise factorise x° - 3x +2 fully.

(c) State the coordinates of the points where the curve with equation y = f(x)
meets both the axes and hence sketch the curve.
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A function f is defined by the formula f{x) = 2x° — 74* + 9 where  is a real
number.

(a) Show that (x - 3) is a factor of f(x), and hence factorise f(x) fully.

(b) Find the coordinates of the points where the curve
crosses the x- and y-axes.

ith equation y = f(x)

(¢) Find the greatest and least values of fin the interval -2 <x <2,
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The diagram shows part of the graph of the
curve with equation y = 2x% — 7a® + 4x + 4.

(a) Find the x-coordinate of the maximum
turning point.
(b) Factorise 2x° — 7a” + 4x + 4.

(c) State the coordinates of the point A and
hence find the values of x for which
200 =7l 4x+ 4 <0,

y=fx)

2,0

*
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‘The graph of the curve with equation ¥ =2x" +x” ~13x+a crosses the
x-axis at the point (2,0).

(@ Find the value of a and hence write down the coordinates of the point
at which this curve crosses the y-axis.

(b Find algebraically the coordinates of the other points at which the
curve crosses the x-axis.
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Which of the following diagrams shows a parabola with equation y = ax” + bx + ¢,
where

« a0

o Bodac>02

B

D
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‘The function f is defined by f(x)=x" —2x" ~5x+6.
‘The function g is defined by g(x)=x—1
Show that f(g(x))=x" ~5x> +2x+8.
Factorise fully f(g(x)).
. 1
‘The function k is such that k(x) = ———.
flst)

For what values of x is the function k not defined?
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‘The diagram shows part of the graph of
the curve with equation

f=x"+x" ~16x-16

(@) Factorise f(x).

(&) Write down the co-ordinates of the four points where the curve crosses
the v and y axes.

(0) Find the turning points and justify their nature.
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(a) Given that (x— 1) is a factor of &* + 3x? + x — 5, factorise this cubic fully.
(b) Show that the curve with equation
y=at+ 47+ 227 - 205 + 3

has only one stationary point.

Find the x-coordinate and determine the nature of this point.
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Find kif x- 2isa factor of x” ke ~4x—12.
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Find pif (x + 3) is a factor of 2° - x°
—xtapxa1s
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() Given that x + 2 is a factor of 2x* +x* + kx + 2, find the value of k.

(b) Hence solve the equation 2x* + x> + kx + 2 = 0 when k takes this value.
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Given that (x - 2) and (x + 3) are factors of f(x) =3x" + 2x* + cx + d,
find the values of ¢ and d.
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For the polynomial 6x° + 7% + ax +b,

+ x+1isafactor
* 72 is the remainder when it is divided by x — 2.

(a) Determine the values of a and b.

(b) Hence factorise the polynomial completely.
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When f(x)=2x"~x"+px +gx+12 isdivided by (x - 2), the remainder is 114.
One factor of f() is (x-2).
Find the values of pand g.
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‘The diagram shows a sketch of part of the graph of y=x" -2x" +x.

(@ Show that the equation of the tangent to the curve at x =25 y = 5x—8.

(&) Find algebraically the coordinates of the point where this tangent meets
the curve again.
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The diagram shows a curve with equation of the form y = ax’ + bx + ¢.

Here are two statements about a, b and ¢:
1) a>0
)  b-4ac>0

Which of the following is true?

A Neither statement is correct.

B Only statement (1) is correct.

C  Only statement (2) is correct.

D

Both statements are correct.




image115.png
The diagram shows a sketch of the
graph of y= '~ 3x% + 2x.

() Find the equation of the
tangent to this curve at the
point where x= 1.

(b) The tangent at the point (2, 0)
has equation y = 2x - 4. Find
the coordinates of the point
where this tangent meets the
curve again
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(a) (i) Show that (x— 1) is a factor of f(x) = 2x" + x* —8x + 5.
Hence factorise (¥) fully.

(B) Solve2¥’+ 2 —8x+5=0.

() The line with cquation y = 2¢—3 is a tangent to the curve with equation
y=2¢"+2% —6x + 2 at the point G.

Find the coordinates of G.

() This tangent meets the curve again at the point H.
Write down the coordinates of H.
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(a) Show that x =~1 is a solution of the cubic equation »* + px” + px +1=0,

(b) Hence find the range of values of p for which all the roots of the cubic
equation are real
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The diagram shows a sketch of a

parabola passing through (-1, 0),

(0, p) and (p, 0).

(a) Show that the equation of the
parabolais y=p+(p—1)x—x°

(b) For what value of p will the
line y = x + p be a tangent to
this curve?
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(a) Show that (x— 1) is a factor of x° — 6x” + 9x — 4 and hence

factorise x” — 6x? + 9x — 4 fully.

b) The diagram shows the graph with equation y = x* — 6x® + 11x - 3.
g grap q Yy

Y

y=x"—6x"+11x -3

A@,3)

ol
=

(i) Find the equation of the tangent to the curve y = x* — 65 + 11x — 3 at the
point A(1, 3).

(i) Hence find the coordinates of B, the point of intersection of this tangent
with the curve.
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The map shows part of the coast road
from Achnatruim to Inveranavan. In
order to avoid the hairpin bends, it is
proposed to build a straight causeway,
as shown, with the southern end
tangential to the existing road.

‘With the origin taken at the Post Office the
partof the coast road shown lies along the
3~ 9x. The

curve with equation y

causeway is represented by the line AB.
‘The southern end of the proposed causeway
is at the point A where x =2, and the line
AB s a tangent to the curve at A.

(@ () Wite down the coordinates of A.
(i) Find the equation of the line AB.

() Determine the coordinates of the point B which represents the northern end
of the causeway.
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The diagram shows the plans for a proposed new racing circuit.
The designer wishes to introduce a slip road at B for cars wishing
to exit from the circuit to go into the pits. The designer needs to 4
ensure that the two sections of road touch at B in order that

drivers may drive straight on when they leave the circuit,

Relative to appropriate axes, the
part of the circuit circled above is
shown below. This part of the
circuitis represented by a curve
with equation y=5-2x" ~x"
and the proposed slip road is
represented by a straight line
with equation y = ~4x~-3.

(@) Caleulate the coordinates of B.
(b) Justify the designer’s decision that this direction for the slip road does
allow drivers to go straight on.
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Diagram 1 shows a rectangular plate of transparent plastic moulded into a
parabolic shape and pegged to the ground to form a cover for growing plants.
Triangular metal frames are placed over the cover to support it and prevent it
blowing away in the wind.

Diagram 2 shows an end view of the cover and the triangular frame related to
the origin O and axes Ox and Oy. (All dimensions are given in centimetres.)

plastic

plastic

Diagram 1 Diagram 2

@ Show that the equation of the parabolic endt s y = 40~ .

() Show that the triangular frame touches the cover without disturbing the
‘parabolic shape.

20<x<20.
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The roots of the equation kx* — 3x + 2 = 0 are equal.
What is the value of &?

A -

®wlo wlow vlw wlo
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‘When a® + 8x + 3 is written in the form (x + p)? + ¢, what is the value of g?
A 19

B -13
c 5
D 19
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If 2% — 6x + 14 is written in the form (x — p)> + g, what is the value of g?
A 22

B 5
Cc 14
D 50
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1f &7 = 8x + 7 is written in the form (x — p) + g, what is the value of ¢?
A -9

B -1
c 7
D 23
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2x% + 4x + 7 is expressed in the form 2(x + p)> +¢.
‘What is the value of g

A 5

B 7
c 9
D 11
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3x%+12x + 17 is expressed in the form 3(x + p)* +q.

‘What is the value of ¢?
A 1

B 5
C 17
D

-19
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If f(x) = (x = 3)(x + 5), for what values of x is the graph of y = f(x) above the x-axis?
A -5<x<3
B -3<x<3
C x<-5,x>3
D

x<-3,x>5
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What is the solution of <2 + 4x > 0, where x is a real number?
A —4<x<o

B x<—tx>0
C 0<x<d
D <054
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For what values of x is 6 + x—a% < 0?
A x>3only
B x<-2only
C x<-2,x>3
D

-3<x<2
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Solve 6—x—a? < 0.
A 3<x<2
x<-3,x>2

—-2<x<3

o a =

x<-2,x>3
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Solve 1 —2x —3x” > 0, where x is a real number.

A x<—1orx>%

1

“l<x<=

B 1<x 3
C x<—%orx>1

D —%<x<1
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A function f is defined on the set of real numbers by f(x) = * —x? + x + 3.
What is the remainder when f(x) is divided by (x - 1)?
A0

B 2
c 3
D 4
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‘What is the remainder when x° + 3x? = 5x — 6 is divided by (x - 2)?
A0

B 3
C 4
D
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If 2x° + 2? — 4x + 1 is divided by (x - 2), what is the remainder?
A -1

B 0
C 1
D 13
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The diagram shows part of the graph of a quadratic function y = f(x).
The graph has an equation of the form y = k(x — a)(x - b).

‘What is the equation of the graph?
A y=3x-1x-4)
B y=3(x+1)x+4)
C y=12x-1)(x—4)
D y=12(x+1)(x+4)
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A parabola intersects the axes at x=-2, x = —1 and y = 6, as shown in the diagram.

‘What is the equation of the parabola?
A y=6(x-1)(x-2)
B y=6(x+1)(x+2)
C y=3(x-1)(x-2)
D y=3(x+)(x+2)
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The diagram shows a cubic curve passing through (-1, 0), (2, 0) and (0, -8).

y

‘What is the equation of the curve?
A y=-2x+1)2(x+2)

B y=-2(x+1)(x-2)7

C  y=4x+1)x-2)

= 8(x+ 1)(x-2)
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The graph of a cubic function, y = f(x), is shown below.
It passes through the points (-2, 0), (-1, 0, (3, 0) and (0, -3).

What is the equation of this curve?
A y=l@E-3)@E+E+2)

B y=2(x-3)x+1)(x+2)

C y=-d+Ha-D@x-2)

D y=-2x+3)(x-1)x-2)
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The diagram shows the graph with equation y = k(x— 1{(x+1).

What are the values of £ and 12
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The diagram shows the graph of a cubic.

What is the equation of this cubic?
A y=axx+ D(x-2)

B y=—x(x-1)(x+2)

C y=alx+1)(x-2)

D y=ax(x—1)(x+2)




image27.png
The diagram shows a curve with equation of the form y = kx(x + a)?, which passes
through the points (2, 0), (0, 0) and (1, 3).

Yy
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@) Write down the condition for the equation ax” + bz +¢ =0 to have no real roots.
(i) Hence or otherwise show that the equation 2(x-+1)= 3x~2 has no real roots.
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Functions f and g are defined on the set of real numbers by
. f)=a+3
. g)=x+4
(a) Find expressions for:
@) flgt));
(i) g(f(x)).

(b) Show that f(g(x)) + g(f(x)) = 0 has no real roots.
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A curve has equation y=2x" +32" +4x~5.
Prove that this curve has 1o stationary points.
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For what value of a does the equation ax” +20x + 40 =/

have equal roots?
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Find the values of k for which the equation 2x” + 4x + k = 0 has real roots.
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For what value of k docs the equation x* - 5x + (k + 6) = 0 have equal roots?
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Find the value of & such that the equation kx®+ kx + 6 = 0, k # 0, has equal
roots.
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Functions f and g are defined on suitable domains by
fix)=x(x—1)+¢ and gx)=x+3.
(a) Find an expression for f(g(x)).

(b) Hence, find the value of g such that the equation f(g(x)) = 0

has equal roots.




image36.png
@ f(x)=2x+1, g(x)=2"+k, where k is a constant.
@) Find g(f(x).
() Find f(g(2).

() () Show that the equation g(f(x))—£(g(x)) =0 simplifies 1o
227 +4x-k=0.
(i) Determine the nature of the roots of this equation when & = 6.

(i) Find the value of & for which 2x* +4x— k=0 has equal roots.
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Find the values of & for which the equation
X4 k+2x+k+9=0

has equal roots.
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‘The roots of the equation (x~1)x+)=—4 are equal.
Find the values of k.
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Find the range of values of & such that the equation kx® — x — 1 = 0 has no real
roots.
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Calculate the least positive integer value of kso that the
graphof y=ki’ ~8x-+k does not cut or touch the x-axis.





image42.png
Find the range of values for k such that kx? + 3x + 9k = 0 has real roots.
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Prove that the roots of the equation 2x* + px — 3 = 0 are real for all values of p.
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Given that ks  real number, show that the roots of the equation kx” +3x +3= k are
always real numbers.
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‘Show that the roots of the equation (k- 2)x" - (3k - 2)x+ 2k =0 are real.
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Given f(x) = ¥ + 2x - 8, express f(x) in the form (x + )’
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Show that x* +8x+18 can be written in the form (x+a)" +b.
Hence orotheruwise fnd the coordinatesofthe turning point of the curve
2
8418,

with equation
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(@) Write f(s
(b) Hence or otherwise sketch the graph of y = f(x).

=a? + 6x + 11 in the form (x + a)? + b.
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Express 2x” + 12x + 1 in the form a(x + b)* + ¢.
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(@) Express 22"+ 4x = 3 in the form a(x + b)* + c.

(5) Write down the coordinates of the turning point on the parabola with
equation y = 2x7 + 4x - 3.
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(@ Show that the function f(x)= 21" +8x~3 can be written in the form f(x) =a(x +5)* +¢ wherea, b
and ¢ are constants.

() Hence, or otherwise, find the coordinates of the turning point of the function f.




image52.png
@ Show that f(x)=2x" - 4x+5 can be written in the form f(x)= a(x+b)’ +c
() Hence write down the coordinates of the stationary point of y = f(x) and state its nature.




image53.png
Express f(x) =(2x~1f2x+5) in the form a(x+b)° +c.
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image60.png
Express 5* +6x-+ T1in the form (x-+4)" + b and hence state the maximum value of ———.
Frexell




image61.png
(@) Express f(x) = &’ = 4x + 5 in the form f(x) = (x - @)* + b.
(6) On the same diagram sketch:
(i) the graph of y
(ii) the graph of y

(¢) Find the range of values of x for which 10 - f(x) is positive.
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(a) Write x*— 10x + 27 in the form (x + b)> + c.

(b) Hence show that the function g(x) = 1a"- 5x? + 27x - 2 is always increasing.




image63.png
@ Express 7-2x-x" inthe form 4~ (x+})" and write down the values of a and b.

(&) State the maximum value of 72z~ 27 and justify your answer.
justify ye




image64.png
Functions f and g are defined on suitable domains by
f(x)=10+x and g(x)=(1 +x) 3 -x) +2.

(a) Find an expression for f(g(x)).

(b) Express f(g(x)) in the form p(x+q)’ +r.

Lo 1
(¢) Another function f is given by /(x)=———.
f(elx)

‘What values of x cannot be in the domain of ~?




image65.png
The parabola shown in the diagram has equation y = 4x-x*
and intersects the 3-axs atthe origin and P.

@ Findthe coordinatesofthe point P.

(5 Ris the point (0, 2). Find the cquation of PR

(&) Theline and the parabola also intersect at Q. Find the
coordinates of Q.
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Show that the line with equation y = 2x + 1 does not intersect the parabola
with equation y = x> + 3x + 4.
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“The parabola with equation y = x>~ 14x + 53

has a tangent at the point P(8, 5). ¥y
(a) Find the equation of this tangent.
(8, 5)
ol %
(b) Show that the tangent found in () is
also a tangent to the parabola with
equation y = —x* + 10x — 27 and find the v
coordinates of the point of contact Q.
@8, 5)
0 x
Q
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(@

®

[C]

‘The point A2, 2) lies on the parabola Y
yeatepreq.
Find a relationship between pand q.

A2, 2)

The tangent to the parabolaat A is the line y = x. Find the value of p.
Hence find the equation of the parabola.

Using your answers for p and g, find the value of the discriminant of
£* +px+q=0. What feature of the above sketch is confirmed by this
value ?
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Find the range of values for & such that kx” + 3x + 9% = 0 has real roots.




image70.png
Show that the equation (1 — 2k)x” — Skx — 2k = 0 has real roots for all integer
values of k.
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ABCD is a rectangle with sides of lengths x centimetres and (v — 2) centimetres, as
shown.

A xcm B
(x—2)em
D C

If the area of ABCD is less than 15cm?, determine the range of possible values of x.
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For what values of isthe function /()= 3° ~ 257 - 53— 4 increasing?
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¢ -3y sir
Find algebraically the values of x for which the function f(x)=2x" ~3x" -36x is increasing.
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f)=x-x"-5x-3.

(a) Show that (x + 1) is a factor of f(x).
(b) Hence factorise f(x) fully.
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Calculate the discriminant of the quadratic equation 2x? + 4x + 5 = 0.
A 32

B 24
C 48
D 56




image75.png
Show that (x + 3) is a factor of x° — 3x” — 10x + 24 and hence factorise
=322 — 10x + 24 fully.
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(@ Show that (x~3) isa factor of f(x) where f(x)=2x" +3x" ~23x-12

) Hence express f(x) inits fully factorised form.
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flx)=6x" - 5a> = 17x + 6.
(a) Show that (x - 2) is a factor of f(x).

(b) Express f(x) in its fully factorised form.
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Express x° —4x” 72+ 10 in s fully factorised form.
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Factorise fully 2¢° +527 —4x-3
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Express x' - x inits fully factorised form.
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(a) Show thatx=11isarootof x>+ 8x2+11x -20=0.

(b) Hence factorise x*+ 8x2+ 11x — 20 fully.
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131+,

(@ Show that x=2is a root of the equation 2¢" +x"
) Hence find the other roots.
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One root of the equation 2x° =3x” + px+30=
Find the value of p and the other roots.





image84.png
(a)(i) Show that (x — 1) is a factor of f(x) =2x3+x2 - 8x + 5.
(i) Hence factorise f(x) fully.

(b) Solve 2x° +x% - 8x+5=0.




