ADVANCED HIGHER MATHEMATICS

SEQUENCES AND SERIES |

SIGMA NOTATION
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Define S, = MG» -1y, where 11 is a posilive integer.
k1
1
Then 8, =2 (2k-D1)*2x1-1=1,
-1
2
and S, = 22k - =2x1-1)F@2x2-D=1+3=4
LI

Evaluate S,. .5, and S, and conjecture a formula for S, in terms of 7.

=z i
Define S, = N ————  where 1 is a positive integer.
" gk P &

Evaluate S,. $,. 5, S, and S, and conjecture a formwla for §, in terms of n.

Repeat question 3 given S5, = MC»N ~3k T 1),

ko1

ANSWERS

(& 20 (by 86 {c 5 (dy 122
(e) 63 ) 441 (g) 50 (hy 3870
. 1 . )
0 25 G 16 (k) 896 (1 335
(m) 2131 (n) 60 (o) -8 (p) 87376
(qy 340
5,.=9, §, =16, § =25 S, =n’

1 2 3 4 S
R T T

2 3 4 5 6 Tontl
S, =1, §,=8, $,=27, §=64, S =125, S, =n

[Note: Shortly you will be able to prove the conjectures in questions 2, 3 and 4.]






ADVANCED HIGHER MATHEMATICS

SEQUENCES AND SERIES 2 4
7. Express
(4k —3)(4k +1)

in partial fractions.
USE OF PARTIAL FRACTIONS

H N
. . : Hence find and
Express TG 2) in partial fractions. M @k~ wxﬁm 1) M T thﬁ A
8. Use partial fractions to m:oi.ﬁm"
Hence find M and M
1 (k+ _x» +2) T (k+ c@ +2) . . s . .
_ . W@ixf&\m\mcisxmcis_
Express — in partial fractions.
. k(k +1) :
Hence find M
(e +1)(k+3)

Hence find M» P and M» w ;

(k+1) (k+1) 9 Use partial fractions to show that
Express p 2 - in partial fractions. M._U 2 3 ot

(2k -1)(2k+1) Sp(e+2) 2 n+l on+2
H find and 2
ence fin M ok ld@» ) M + (2k - GG» +1) Hence find M
Ck(k+2)
Express \«Qm_ ) in partial fractions. 10. Use partial fractions to show that
-1

. 1 1 1 1
M (2k—1)2k+3) 3 4@n+1) 4Qn+3)

H find nd
ence fin M\«Qﬁls al Mi\«i_v
Hence find M !
Express in partial fractions. “ (2k —1)(2k +3)
(2k +1)(2k +3)
11. Express NH in partial fractions.
Hence find M and M . k-1
12k + cﬁw +3) 1 (2k + SAN» +3)
Hence:  (a) = 3oy v
Express in partial fractions. ~k’-1 4 2n 2n+l)
Gk -3k +2) (b)  find the sum of the series

E&M 38 15 24 7 399

Hence find .
ence in M aT:afs

< (3k - :a» +2)
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ADVANCED HIGHER MATHEMATICS

SEQUENCES AND SERIES 3

THE METHOD OF DIFFERENCES

Show that (k +1)* — k7 =2k +1. °
Hence find: (a) > (2k+1)
k=1

(b) the sum of the series 3+5+7+9+...+45.
1 1
Show that M»Q« +CIMQa -Dk=k.

Hence find: (a) Sk
k=1

(b) the sum of the series 1+2+3+4+...+80.
Show that W\«Q« +D2k+1) - WQ« ~DkQ2k-1)=k".
Hence find: (2) Sk’
k=1
(b)  the sum of the series 1+4+9+16+...+2500.
~ 2 2 ~ 272 3
Show that M\m (k+1) |MQ«|C K=k
Hence find: (@ DK
k=1
b) the sum of the series 1+8+27+64+...+3375.
Show that WE )k +2) - WQ« k(1) = k(k +1).

Hence find: (a) S k(k+1)
k=1

(b)  the sum of the series
(1x2)+(2x3)+ B x4)+(4x5)+...+(35%36).

Show that (k +1)2(k +2)—k>(k +1) = (k +1)3k +2).
Hence find: (a) M (k+D(3k+2)

(b) the sum of the series

(2% 5)+(Bx8)+ (4x11)+ (5x14) +...+ (45x134).

7.

Show that
Wca + 1)k +2)(k +3)(k +4)~ w»Qﬁ + 1)k +2)k +3) = (k+1)(k+2)(k +3).

Hence find: (a) M k+Dk+2)(k+3)

k=1
(b) &m sum of the series
(2x3x4)+(3x4x5)+(4x5x6)+ .. +(18x19x20).

Show that (k +1)° =k* +3k* +3k +1, and find a similar expansion for (£ — 1.

" Hence show that W@ +1)° - WQ« -1 =3k +

n

Find: (2) pRE DY

k=1

(b) the sum of the series 4 +13+28+49+..+676.

1 1 2
Show that - = .
k(k+1) (A+D(k+2)  k(k+Dk+2)
Hence show that M 2 = 1 ! and find
Sk(k+Dk+2) 2 (r+))(n+2)
M 2
Sk + Dk +2)
Show that -~ =2k
kX (k+D)? B+’
2 2k+1 1
Hence show that =1- .
W»N@\IVN (n+1)?
Find: (a) the sum of the series
3 .5 1 2
Px22 2?x3? 3'x4* 7 122 x13?
o 2k+1
b e
®) m\m@ivn



ANSWERS

1. (a) n(n+2) (®)
2. (a) w%i: (b)
3. (a) wii:@i: (®)
4 @ w::i% ] (®)
5. (a) W.i:ixis (b)
6. (a) (n+1)}(n+2)-2 ®)

7. (a) W? +1)(n+ 2)(n+3)(n+4)- 6

8 (a) W;_S:N +3n+3) (b)

2 2 1

9. ==

Wif_xfmv 2
168

10. (@) o ® 1

528

3240

42925

14 400

15540

93 148

®)

3735

35904



ADVANCED HIGHER MATHEMATICS

SEQUENCES AND SERIES 4 3. Using the standard formulae, find fully factorised expressions for each summation

below.
USE OF STANDARD FORMULAE (1) . .
2k+3 b 4k +1 2k -1)
Throughout this exercise, the following standard formulae may be quoted and used @ WA 3 ®) »MH_UA ) ) WA
without proof.
n 5 ‘ n n _
M\« _ n(n+1) M»N _ n(n+1)(2n+1) M\% _ n(n+1)? (d) mﬁw» -5) (e) mglwv@:v ® WQ» 2)
= 2 6 B 4
. n n . n )
1. Using the above standard formulae, evaluate: (8) MAM\“ 1-5) (h) M (6k* 1) )] »M_“AN» +3)
k=1 k=1 =]
" 135 20 9
(@ >k b DK ) >k * 4. Study the worked example below carefiilly.
k=1 k=1 k=1
Worked Example
12 16 8
@ YK +3k-1)  (0) (@K +2%-3) (O DK (4k+1) a
part = = Evaluate Y k ’.
k=25
10 ; ) 28 3 )
() Wx». +3k7 -5k +2) (h) W@» —k*+2k+5) Solution
n & 2 2 2 2 2
2. Write each of the following series in the form Y f(k) and, using the standard \Www = 2574267 +27 4.+ 45
k=1
formulae, evaluate each summation. = (1P 422 432 +..+450) (17 +27 +37 +..+247)
45 24
_ 2 _ 2
(@) (1x2)+(2x3)+(Bx4)+(4x5)+...+(29x30) = ,Mﬂm» W»
45x46x91 24x25x49
B) Ix3)+2xH+(Bx5)+(4x6)+..+(20x22) = ¢ - -
= 31395-4900
(€) (I1x5)+(2x6)+(BxT)+(4x8)+...+(15x19) = 26495
(d) 0x3)+(@2x5)+(BxT)+(4x9)+...+(30x61) Using a similar approach, evaluate:
60, 30 24
(&) (IxD+(2x4)+BxT)+(@x10)+...+(25x73) @ S ®  SE © 3K
k=36 k=15 k=16

B AxT)+2x9N+Gx11)+(dx13)+ ...+ (45x95)
(8) (Ix11)+(2x15)+(3x19)+(4x23) + .. +(16x 71)

(h) (17 x3)+ (22 x4) + (3% x 5) + (4> x6) + ...+ (20? x 22)



ANSWERS

1. (a) 120 ®) 2870 () 2025 @ 1522
(e) 6208 () 5388 (&) 3925 (hy 322910
2. (#) 8990 ® 329 (@ 1720 @ 19375
(e) 15925 () 67965 (8) 6936 (hy 49840
3. (a) n(n+4) )  n(2n+3) © E
n(n+3)2n-3) n(n—1)(2n+5) n(3n-1)

(@ (e) ®

2 6 2
n(n— MW@: +7) W mansd) @ n(2n? +u§ +10)

()

,
_ 4. (a) 1200 (b) 8440 (©) 75600




ADVANCED HIGHER MATHEMATICS

SEQUENCES AND SERIES 5

USE OF STANDARD FORMULAE (2)

Throughout this exercise, the following standard formulae may be quoted and used
without proof.

n n n 2 2
M»H:CI.CW M»NHR:JLX&I,CW M\%»: (n+1)
k=1 2 k=1 6 K=} 4

1. Find an expression for M»Q« +1), giving your answer in fully factorised form.
k=1

Hence sum the series (1x2)+(2x3)+(3x4)+(4x5)+...+(28x29).

2. Find an expression for M\«Qﬂ +3), giving your answer in fillly factorised form.
k=1

Hence sum the series (Ix4)+(2x5)+(3x6)+(4xT)+..+(35x38).

3. Find an expression for M»N (k +1), giving your answer in fully factorised form.
k=1

Hence sum the series (1> x2) + (27 x3) + (3 x 4) + (4> x 5) +...+ (157 x16) .

4 TFind an expression for M k(k +1)(k +2), giving your answer in fully factorised
k=1
form.
Hence sum the series
(1x2x3)+(2x3x4)+(3x4x5)+(4x5x6)+...+(20x 21x22).

5. Find an expression for M\am\a +1)(k +3), giving your answer in fully factorised
k=1
form.
Hence sum the series

(Ix2x4)+(2x3x5)+(Bx4x6)+(4x5xT) + . +(42x 43x 45).

6. Find an expression for M»Qa +1)* , giving your answer in fully factorised form.
k=1

Hence sum the series (1x22)+(2x3%) +(3x4))+ (@ x5 ) +..+(20x21%) .

7. Find an expression for Mwim\n —1), giving your answer in fully factorised form.

k=1

Hence sum the series (2x1)+(4x3)+(6x5)+{8x7)+...+(50x49).

8. Find an expression for M k(k +1)(2k —1), giving your answer in fully factorised
k=1
form.
Hence sum the series
:xNxs+ﬁxmx&+@x»x$+3xuxd+,.,+amx_mxu3.

9. Find an expression for ) _k(k* +1), factorising your answer as far as possible.
Tt it

Hence sum the series Gwmv+Sxmv+@x5v+3x3v+.;+chTGv‘

10. Find an expression for M\«O\« ~2)*, giving your answer in fully factorised form.
k=1

Hence sum the series (I1x12)+(2x4%)+(3x 7)) +(4x10%)+...+ (24 x4900).

ANSWERS
LSk "0EDEED) - gng
P 3
2 Mifwv“:?iwcimﬁ 16 800
k=1
3. M\%Qtlvuiz+$§+wx.§+:W 15 640
=t 12
4. MN@+C@+8HEW 53130
k=1
5. S k(k+ Dk +3) = D0 W&m: 13 90458
k=1 ! .
6. MU\%?LVNn:?+c§+~x.§+$W 50 050
k=1 12
7. MQAN\TCMEW 21 450
k=1
8. M»Qﬁiv@?cn=§+_§M§w=|:w 60 420
k=1
n 2
9 Miﬁtvuiic@ 12 i
pa 4
n 2 _
103 kGk-2) = Ew 752 400
=1
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ADVANCED .EHDImW MATHEMATICS

SEQUENCES AND SERIES 6 8 For the arithmetic sequence 843, 836, 829,822, .., find a formula for u,, the s1th
term, and hence find:

ARITHMETIC SEQUENCES

(a) the 25" term
(b) which term is 360
(¢) which term is the first to be negative.

9 For the arithmetic sequence 563, 55.4, 54.5,53.6, .., finda formula for u,, the
nth term, and hence find:

Find the required term in each of these arithmetic sequences.

(a) 10,12, 14, 16, . (100" term) by 1,4,7,10, . (16" term)
(€)3.5,7.9, .- (20" term) (@  14,10,6,2, ... (15" term)
(e) -5.-1,3.7. . (12" term) (0 10.5.0,-5. ... (21" term)

Find a formula for the s th term, #, of each of these arithmetic sequences. __
“(a) the 40" term

(b) which termis ~27.4

) 1,3.5.7, by 47,10, 13, i . .
MMW w“ m o3 Maw 570, | _.u. {c) which term is the first to be negative.
(e) 2.5,8. 11 ... H 13,8,3,-2, o

10. The first term of an arithmetic sequence is 3, and the 6" term is twice the 37 term.

. . ih
Find the first term and the common difference for each arithmetic sequence Find the common difference and the 107 term.

escribed below. .
amo:mmcf 11. An accountant has a salary scheme as outlined below.

th

(a) The 5™ term is 21 and the 107 term is 41.
(b) The 3% term is 12 and the 8" term is —18.
(c) The 4" term is 14 and the 15% term is 47.
(d) The 4™ term is -9 and the 15" term is -3 1.
() The 6" term is 23 and the 20" term is 65.

STARTING SALARY £16, 000.
ANNUAL INCREASES OF £1, 000 GUARANTEED THEREAFTER.

Let £, denote the accountant’s salary at the beginning of the 1 th year, after any

(f) The 4" term is 20 and the 9" term is 8 increases which are then due have been added.
The 5" term of an arithmetic sequence is 22 and the 17" term is 52. (a) Write down the values of u,, #,, u; and u,.
Find the 45" term of this sequence. (b) Find a formula for .

¢) Find the value of n for which =1.04 i rresponding to an
 find a formula for u,. the nth term, (9 B n tor wiieh #,,., u, (that is, corresponding

(8]

For the arithmetic sequence 1, 5,91

d hence find annual increase of 4%).
and henc :

(a) the 10% term
(b) which term is 285
(¢) which term is the first to exceed 150,

For the arithmetic sequence 7. 12, 17, 22, ..., find a formula for u,, the nth term,

and hence find:

(a) the 30" term
(b) which term is 227
(c) which term is the first to exceed 1000.

For the arithmetic sequence —24, -21.5, -19, -165, ..., find a formula for u,, the

srth term. and hence find:

(a) the 50" term

(b) which term is 156

() which term is the first to exceed 1000,



ANSWERS

. (a) 208 (b) 46 (¢) 41 (d) -42 (¢) 39 (H

2. (a) w, =2n-1 (b) 1, =3n+1 (<) u,=4n-3
(d) u, =2n+3 (e) u, =3n-1 (1) u, ==51+18
3. (a) a=5,d=+4 (b) a=24,d=-6 (c) a=5,d=3
(d) a=-3,d=-2 (e) a=8,d=3
() a=272.d=-24 QHSV&FVNL
s 5
4. 122
5. u,=41-3, (a) 37 (b) 1, (c) iy,
6. u,=5n+2, (a) 152 (b) u, (c) U0
7. u,=25n-265, (a) 98.5 (b) u; (o) Uy,
8. w,=—Tn+850; (a) 675 (b) t,  (c) U,
| 9. u, =-091+572, (a) 212  (b) u,, (¢ ug,
10.d=3, u,=30

11.(a) u, = 16000, u, = 17000, #, =18000, u, = 19000

(b) u, =1000n +15000
(c) n=10
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SEQUENCES AND SERIES 7

Find the sum of each of these arithmetic series.

(a) 1 +3+5+7+.. (to20terms)

(b) 2+3+4+5+ . (to40terms)

(c) 80+ 70+ 60+ 50+ ... (to 12 terms)
(d) 3.5+37+39+41+ . (to16terms)
(e) 2+6+10+ 14+ ... (to30terms)

) -4 ~-5-6-7~.. (to 18 terms)

() 4.5+6+75+9+ .. (to25terms)
(h) 15+ 13+ 11+9+ .. (to 16terms)

Find the sum of each of the following arithmetic series.

(a) 2+4+6+8+.. +146 (b) 3+8+13+18+. . +98
(c) 100 +95+90 +85+ . +15 (d) 4+10+16+22+ . +322

(a) Find the sum of all the even natural numbers between 1 and 100 inclusive,
je. 2+4+6+8+ ... +100.

(b) Find the sum of all the natural numbers between 1 and 100 which are divisible
by3,ie3+6+9+12+.. +99

(c) Find the sum of all the 3-digit natural numbers which are divisible by 5,
ie 100+105+110+ 115+ ... +995

For the arithmetic series 5+ 7 +9+ 11+ . finda formula for S, , the sum of the

first n terms.
Hence find how many terms must be taken to give a sum of 192.

For the arithmetic series 2 +5+8 + 11+ ..., find a formula for S, the sum of the

first i1 terms.
Hence find how many terms must be taken to give a sum of 876.

For the arithmetic series 3 + 10 + 17 +24 + .., find a formula for S, the sum of

the first 2 terms.
Hence find how many terms must be taken to give a sum of 2353.

For the arithmetic series 3 + 7+ 11+ 15+ ., find a formula for §,, the sum of

the first »# terms.
Hence find how many terms must be taken to give a sum of 6555.

8.

11

12.

Find a formula for S, the sum of the first » terms of the arithmetic series

3+8+ 13+ 18+ ...
Hence find the least number of terms that are required to make a sum exceeding
2000.

Find a formuta for S, the sum of the first » terms of the arithmetic series
6+75+9+105+ .

Hence find the least number of terms that are required to give a sum exceeding

1000.

°A woman wins a prize in the form of a guaranteed annual income for the rest of

her life.
The income will be £1000 in the first year and will increase by £500 per annum
thereafter, so that the income in the second year will be £1500, and so on.

If £S5, denotes the total income received over the first n years, find a formula for
S, and hence find:

(a) the total income received over the first 10 years
(b) the number of years until the total income first exceeds £100 000.

A man wins a prize in the form of a guaranteed annual income for the rest of his
life.

The income will be £10 000 in the first year and will increase by £2000 per annum
thereafter, so that the income in the second year will be £12 000, and so on.

If £5, denotes the total income received over the first # years, find a formula for
S, and hence find:

(a) the total income received over the first 20 years
(b) the number of years until the total income first exceeds £1 000 000.

Find also the total income received in the 10™ year to the 15" year (both years
inclusive).

For the arithmetic series 5+ 8 + 11 + 14 + ___, find the sum of the series from the
20% term to the 40" term (both terms inclusive).

_1n an arithmetic sequence, the 8™ term is twice the 4" term.

(a) If a is the first term and d is the common difference, show that a = d.
(b) Given also that the 20" term is 40, find the sum of the first 50 terms in this
sequence.

The sum of the first 10 terms of an arithmetic sequence is 120

(a) If a is the first term and d is the common difference, show that
2a+9d =24 .

(b) Given also that the sum ol the first 20 terms of this sequence is 840, form
another equation in a and d , and hence find a and d.



S 15 An arithmetic sequence has a common difference d . ANSWERS

if the sum of the first 20 terms of this sequence is 25 timwes the first term, find an 1. (2) 400 (b) 860 (c) 300 (d) 80 (e) 1800
expression for the first term in terms of 4 . ® -225 (g) 562.5 (h) 0
Find also an expression for the sum of the first 30 terms in terms of d only. 2. () 3402 (b) 1010 (9) 1035 () 8802
. . . . 0 1683 98 550
V\K 16. The formula for S,, the sum of the first n terms of a particular arithmetic 3. (22550 (b) ©
sequence, is S, =n’ +4n. Let u, denote the rth term of this sequence. n(3n+1
: q 4. § =n(n+4), 12terms 5. S, = ( 5 vw 24 terms
(2) Use the formula for §, to find the sum of the terms in this sequence from the
8™ to the 20" (both terms inclusive), i.e. u, +u, +u, +...+ 1y 6 S n(7n-1) . 26 terms 7 S =n(2n+1); 57 terms
(b) It is required to find a formula for u,, . 2
(i) Find S,, §, and S, and hence write down the values of the first three terms
72 _n(sn+1) 29
u,, u, and u;. 8 8, == terms
State the first term and common difference of this sequence, and hence find a
fi la f¢ ) 2
ormula for u, 9 S HE HE ] 34 terms
(ii)Make use of the fact that u, = S, — S, to find a formula for u,. * 2 4
&A 17.Find a simple formula for S, the sum of the first n terms of the arithmetic 10. §, =250n(n+3), (a) £32 500 (b) 19 years
sequence 2, 5, 8, 11, ...
11. §, =1000n(n +9); () £580000  (b) 28 years, £198 000
Hence find the value of n for which the sum of the first 2n terms will exceed the
sum of the first r» terms by 224. 12.1932
[Hint: Form the equation §,, = §, +224 ] 13. (b) 2550
14. (b) 2a+19d =84 a=-15,d=6

15. a=38d; S, =1575d

16. (a) 403
(b) () S, =5, ANHS,MMHM_W :_nmufnf:uno.v

(i1) u,=2n+3

_n(3n+1)
2

17. §

n




ADVANCED HIGHER MATHEMATICS

SEQUENCES AND SERIES 8

GEOMETRIC SEQUENCES

Find the required term in each of these geometric sequences.

(a) 1,3,9,27, .. (10" term) (b)  4,20,100,500, ... (8" term)
(¢) 2400, 1200, 600, 300, . (™ term) (d)  1,-2,4,-8, .. (15" term)
2
(e) 21, _wv N (7" term) () 45,155,125, . (6" term)
4 3
(g) 1 000000, 1 500 000, 2 250 000, 3 375 000, ... (7" term)
1 1 1 .
(h) L L (9" term) (i) 4,-12,36,-108, ... (12" term)
36 12 24

A geometric sequence of positive terms has first term 6 and third term 24.
Find the eighth term of this sequence.

A geometric sequence has second term 6 and fifth term 162.
Find the tenth term of this sequence.

The third term of a geometric sequence is 2, and the sixth term is 16.
Find the twentieth term of this sequence.

A geometric sequence of alternating positive and negative terms has first term 8

and fifth term w

Find the common ratio and the tenth term of this sequence.

A geometric sequence has third term 6 and eighth term 1458.
Find the twelfth term of this sequence.

A geometric sequence has second term 24 and seventh term 24 576.
Find the fourth term of this sequence.

A geometric sequence of positive terms has fourth term 1000 and sixth term 160.
Find the seventh term of this sequence.

The legendary wise man, as a reward for solving some problem, was offered
whatever he chose to name. His request, which the King thought very modest, was
“One grain of rice on the first square of a chessboard, two on the second, four on
the third, eight on the fourth, and so on, with the number of grains doubling each
time.”

Calculate the number of grains of rice needed for the last square, given that the
chessboard is 8 squares by 8 squares.

Please turn over for question 10.

10. A piece of newspaper 0.005 cm thick is torn in two and the pieces placed on top of

one another. These pieces are then torn in two and the four pieces placed on top of
one another. This process of tearing is then continued

(a) If u, denotes the thickness of the pile, in centimetres, after # tears, write

down the values of «,, u,, u; and u,, and find a formula for ,,.
(b) Calculate the thickness after 8 tears.

ANSWERS
(a) 19, 683 (b) 312,500 () 375 @ 16,384
16 5
@ 2 6 11,390,625 (g) — M =
81 27 768
(i) - 708,588
768 3. 39,366 4 262,144
’ 1 . 1
=—— N, = ——
2 1 64
118, 098 7. 3834 5. 64

2% (=9.22x10")

10 (a) 4, =001, v, =002, u, =004, u, =008, 1, =0.01x2" !

(b) 1.28 cm
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ADVANCED HIGHER MATHEMATICS

SEQUENCES AND SERIES 9

GEOMETRIC SERIES

Find the sum of each of these geometric series.

(a) 1+2+4+8+ ... (tol5terms)
(b)2+6+18+54+ ... (to 10 terms)
(c)2-4+8-16+... (to12 terms)
(d) 64 +32+16+8+ ... (to9 terms)

20

Noting that . (1.05)* =1.05+(1.05)* +(1.05)* +(1.05)* +...  (to 20 terms),

k=1
20
evaluate > (1.05)" , giving your answer correct to 2 decimal places.
k=1

Evaluate:

350
(a) Mc .01)*, giving your answer correct to 2 decimal places
k=1

100
(V)] M (1.1)", giving your answer correct to the nearest whole number
k=1

30

(c) Y.(0.99)", giving your answer correct to 2 decimal places.
k=0

Evaluate:

Nw
AmvMcomv:qmmS:mv\oEw:wEQ.ooQoozoNaoo_:&_Emomm
k=t .

16
(b) D (0.8)"", giving your answer correct to 3 decimal piaces.
k=1

Find the sum of each of these geometric series.

(@) 3+6+12+24+ . +6144
(b) 5+15+45+ 135+ _ +98415

A geometric sequence of positive terms has first term 9 and third term 36.
Find the sum of the first 10 terms of this sequence.

A geometric sequence has third term 54 and sixth term 1458.
Find the sum of the first 8 terms of this sequence.

. . 32 31
>mm03050mon:a:om:mmm_ﬁ:ﬁ::‘m:amn<o:58w§_1.

33 33
Find the sum of the first 10 terms of this sequence.

9. A geometric sequence has fifth term 18 and eighth term m

3
Find the sum of the first 6 terms of this sequence.

. 1
10. A geometric sequence has second term 2000 and seventh term 62—.
2

Find the sum of the first 8 terms of this sequence.

11. A child negotiates a new pocket-money deal with her father in which she will
receive 1 pence on the first day of a month, 2 pence on the second day, 4 pence on
the third day, 8 pence on the fourth day, and so on, with the amount doubling each
day until the end of the month.

How much would the child receive in total during the course of a month of 30
days? (Give your answer to the nearest million pounds!)

12. For the geometric sequence 3, 6, 12, 24, ...

(a) find an expression for the nth term
(b) find an expression for the sum of the first n terms
(¢) find how many terms must be taken to give a sum of 786 429.

13. Find an expression for the sum of the first » terms of the geometric sequence
1,2,4,8, ...

Hence find:
(a)" the number of terms which must be taken to give a sum of 4095

(b) the least number of terms which must be taken to give a sum exceeding
100 000.

14. Find an expression for the sum of the first # terms of the geometric sequence
10, 30, 90, 270, ...

Hence find:

(a) the number of terms which must be taken to give a sum of 32 800

(b) the least number of terms which must be taken to give a sum exceeding
1 000 000.

1

15. A geometric sequence has first term 5 and fourth term 40.

Find an expression for the sum of the first # terms of this sequence, and hence
find the least number of terms which must be taken to give a sum exceeding
100 000.

Questions 16 and 17 are on the next page.



16. A line is divided into six parts whose length form a geometric sequence. Let u,
denote the length of the shortest part, u, the length of the second shortest part,
and so on, with u, denoting the length of the longest part.

17.

S

9.

Given that the shortest part has _,m:mE 3 c¢m and the longest part has length 96 cm,
find the length of the whole line.

A line 5115 units long is divided into n parts such that the lengths of the parts
form a geometric sequence.

Given that the shortest two parts have lengths 5 units and 10 units, find the value

of n.

(a) 32, 767

34.72

(a) 65.11
(a) 158.36
(a) 12, 285
9207

2184

ANSWERS

(b) 59,048 (©)

®) 151,576 (c)
&) 1310
by 147,620

7. 19, 680

10. 7968.75

11. £11 million (i.e. £11, 000, 000)

12. (a) u, =3x2""

13.

6.

LS, =527 -1,

189 cm

by S, =302"-1)

@ 12 @® 17

15 terms

17. n=10

-2730

26.77

()

@ 1272

31

18
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ADVANCED HIGHER MATHEMATICS

SEQUENCES AND SERIES 10

INFINITE GEOMETRIC SERIES

Explain why a sum to infinity exists for each of the geometric series below, and
find the sum to infinity in each case.

1 1 1

(a) 16 +8+4+2+ . (b) _.Tu+\+1+:.

3 9 27
o) A+letaty )  84-42421-10% +
A 4 16 2
(e)9.6+72+54+405+ .. ©  0.1+0.05+0.025+00125+ ..
2t 310 by 125+25+5+ 1+ ..
mv 3 9 27
@ so+13ta22+ %, @) 10-9+81-729+ ..
3 9 27

The first term of a geometric series is 2, and the sum to infinity of the series is 4.
Find the common ratio and the sixth term of this series.

. . . 2 . . .
A geometric series has a common ratio of =, and the sum to infinity of the series
5

is 25.
Find the first and fourth terms of this series.

. . Lo 2 . .
The common ratio of a geometric series is ~3 and the sum to infinity of the

series is —12.
Find the first three terms of this series.

Find the sum to infinity of the geometric series having a second term of -9 and a

fifth term of w

u,, u,, ... is a geometric sequence of positive terms. The first term, #,, is

1> 2

u

. 3
equal to 60, and the fifth term, u;, is equal to uM.

Evaluate D u, .

. . . 1 . .
A geometric series has a common ratio of —— and a sum to infinity of 8.
4

Find the third term of this series.

The first term of a geometric series is 100, and the third term is 1.
Find the sum to infinity of each of the two possible series.

9.

10.

1
4"

The nth term, u, , of a geometric series is given by the formula u,, =

(a) Find the first five terms of this series.

(b) State the common ratio of this series and explain why the series has a sum to
infinity.

(c) Find the sum to infinity.

Repeat question 9 for the geometric series whose n th term, u,, is given by the
1
NN;L °

formula u, =

. Study the worked example below carefully.

Worked Example

2 3

. . . x x' x
For the infinite geometric series _+M+M+M+ .., find the range of values of

x for which the series will have a sum to infinity, and find an expression for the
sum to infinity when it exists.

Solution
a=1, X
2
S, will exist when —1<r<1 = LAWAH
= —2<x<2.
When -2 <x<2, u.suhn L __2
1-r _lm 2-x
2

Repeat the working of the above example for each of the infinite geometric series
below.

(@) x+x’ +x° +x* 4+ (b) I AR

3 9 27
2 3

(c) 1+2x+4x% +8x +... (d) _an\x.fwhgwmﬂuﬂ + .

2 4 8
g 1 1 2 <3 4
(e) hx+i Hox4+=1 + x‘v: + x+w +..
2 2 2) 2

() 1+Q2x=1+(2x-1)7 +2x- 1)+



ANSWERS

1 1

1
_fxfxw+xw+:+k=+;.nﬂ\\“ beval. 1. (a) 32 (b Hm (c) mm (d 56 ) 384 (O 02
-x
. . 3
{a) Differentiate both sides of this identity to show that (g) 6 (h) 156.25 @ 96 )] ma
2 4 4x° Dx"+..= _ 1 1 ! !
1+2x+3x* +4x° +..+(n+1)x to=——p, ~l<x<l. 2 r=— u, = —
(1-x) 2 16
(b) Make use of the series above to find an expression for the sum of the infinite ' ) 24
: 3. u =15, wu,=—
series: 25
i 4x* + 5x .+ (n+2)x" + ., —l<x<l
1 2+3x+4x x (n+2)x x 4w, =20, =Nn_www zwnlwm
3 9
(i1) x42xt 4 3xd +Axt A"+, —“1<x<l.
1 5
Give cach expression in the form of a single algebraic fraction, 2 mow 6 120 7 5

@

mAmuEwaﬁug%

11
: 1 1 1 1 1 1
9 (a) -, —, —, —, — b r=—, -l<r<l C -
Av._.; 64 256 1024 ®) 4 © 3
1 1 1 1 1 1 2
10.(a) —, -, —, —, — b r=—; -l<r<l d -
Avwmwu 128 512 ®) 4 @ 3
3
11.(2) When —1<x <1, §, =— (b) When -3<x<3,S,=
1-x 3-x
2
AeiroztwavahaH\_l (dy  When LmAxAmuwsH\
2 2 1-2x 3 3 2-3x
1
AmvcﬁﬁstAwavMsHE () When O<x<l1, S, =———
2 2 1-2x 2x
i . 2- .
: 12. (b) () X (ii) ud

(1-x) (1-x)?



ADVANCED HIGHER MATHEMATICS

SEQUENCES AND SERIES 11

MISCELLANEOUS PROBLEMS

Express _r in partial fractions.
x? +5x+6

find ion for M !

> io ——.

Hence find an express 2 5k

s 1
Evaluate > ———.
W k' +5k+6

“Write down formulae for M\« , M»N and M\% .
k=t

k=1 k=1
Make use of these formulae to find an expression in terms of » for:
@ D kk-Dk+D ) S 3k k)
k={ k=1
© M,“Em +k*—k) ) Yk(k-DEk+1).
k=1 k=1

Give each expression as a single fraction in fully factorised form.

For the arithmetic sequence 8, 14, 20, 26, ...: . ‘

(a) find a formula for u,, the nth term, and hence find which term is 140

(b) find a formula for S, the sum of the first n terms, and hence find how many
terms must be taken to give a sum of 848.

An arithmetic sequence u,, 4,, u,, ... is such that the first term, u,, is 5, and the
fourth term, u, is 29.
(a) Find the tenth term, u,, .

(b) Find an expression for M: + » and hence find the least number of terms which
k=1
must be taken to give a sum exceeding 10 000.

For the geometric sequence 5, 10, 20, 40, ...
(a) find the 15" term

(b) find the first term to exceed 1 000 000
(¢) find the sum of the first 12 terms.

Find a formula for S, the sum of the first # terms of the series
T7+9+11+13+ ..
How many terms of the series must be taken to give a sum of 17557

N 3
A geometric sequence of positive terms has first term 3 and seventh term 32.

Find: (a) the 18" term of this sequence
) the sum of the first ten terms of this sequence.

8. Show that 5x, 10x® and 20x’, where x # 0, could be the first three terms of a
geometric series, and state the common ratio of this series in terms of x .

1

When x = 3 show that the sum to infinity of the series exists, and find it.

1
(Bx-1(3x+2)

9. Express in partial fractions.

Hence find an expression for M :
= 3k -1)(3k +2)
1 1 1 i 1
+ + + +..
2x5 5x8 8xI1l 1ixi4 77%80

® >

S Gk-1)(k+2)

in terms of .

Evaluate: (a)

10. A man is to receive annual income from a trust fund for the rest of his life. The
income is to paid as described below.
The income in the first year will be £2000;
The income in the second year will be £2500;
The income in the third year will be £3000;
And so on, with the amount of income increasing by £500 each year.

(a) Find an expression for the total amount of income the man will receive in
n years.

(b) How many more years will the man have to live in order to receive a total of
£200 000 from this income?

11. A sequence u,, u,, u,, ... is defined by the recurrence relation u,, =3u,, with
first term, u,, equal to a.
(a) What name is given to this type of sequence?

(b) Given that the sum of the first eight terms of this sequence is 21 320, find the
value of a.

12. A sequence v,, v,, v;, ... is defined by the recurrence relation v, =V, +d, with
first term, v, , equal to a. ‘
(2) What name is given to this type of sequence?

(b) Given that the fourth term, v,, is equal to 8, write down an equation in @ and
d.

15
(c) Given also that M v, =210, write down a second equationin a and d .
k=1

(d) Find the values of @ and 4.
(e) Find the value of the eighth term, v, .

25
(f) Evaluate M:» .
k=1



14.

15.

16,

17.

18.

19.

20.

21.

22.

23.

_Let u, denote the nth term of the sequence 2, 9, 16, 23, ...

Evaluate the sum u,, + Uy, +y g+ iy

Explain why the infinite geometric series 500 + 300 + 180 + 108 + ... has a sum
to infinity, and find the value of the'sum to infinity.

By recognising a connection with an arithmetic or a geometric series, evaluate
each of the following sums.

(a) 5+12+19+26+ .. + 180

(b) 10 +20+40+80 + .. +640°

(c) 1000 + 995 +990 + 985 + ... +400

Uy, Uy, Us, ..., Uy, isan arithmetic sequence of eleven terms. The first term, u,, is
equal to 1, and the last term, #,,, is equal to 61.
Find the sum of the eleven terms in the sequence.

In an arthmetic sequence with first term a and common difference d, the fifth
term is three times the second term.
(a) Show that 2a~d =0.
(b) Given also that the sum of the first ten terms is 50, find the values of a and
d , and find the sum of the first 20 terms.

The fourth term of an arithmetic sequence is 20 and the ninth term is 8.
Find the sum of the first 100 terms of this sequence.

The first term of an arithmetic sequence is 3.

Given that the sixth term is twice the third term, find the tenth term of this
sequence.

The nth term, #,, of an arithmetic sequence is given by the formula
1

u,=—(3-n).
2

(a) Find the values of the first five terms of this sequence, and state the value of
the common difference between successive terms.
(b) Find the sum of the first 20 terms.

How many terms of the arithmetic series 1 +3 + 5+7+... are required to make a
sum of 15217

Find the least number of terms of the geometric series 8 + 12 + 18 +27 + ... that
are required to make a sum exceeding 1 000 000.

u,, u,, U, ... isa geometric sequence of positive terms. The third term, u,, 18
equal to 4, and the fifth term, u,, is equal to 8.

Show that the sum of the first ten terms of this sequence is given by mmT\M +1).

24.

25.

26.

217.

28.

29.

Find a formula for S, the sum of the first n terms of the series
5+10+20+40+ ..

Hence evaluate the sum ,, +t,, +uy, +..+ Uy, where u, denotes the nth term
of the series 5+ 10 +20+40 + ...

3

® w .
Show that this series has & sum to infinity, and find the exact value of the sum to
infinity.

The second term of a geometric series is 8 and the fifth termis 3

A child has just negotiated a new pocket-money deal with her mother.
On the first day of a month, the child will receive 1 pence;
On the second day, the child will receive 5 pence;
On the third day, the child will receive 9 pence;
And so on, with the amount increasing by 4 pence each day.

() Find an expression for the total amount, in pence, the child will receive after
n days.
(b) After how many days will the total amount received first exceed £107

u, Uy, U, ... 158 geometric sequence. The third term, u,, is equal to 2, and the

sixth term, ug, is equal to 16.

10
Evaluate M: x -

k=1

A sequence u,, U,, ,, ... is such that the nth term, u,, is defined by the formula

u, =1n(2").

(a) By considering #,,, —#,, Of otherwise, show that the sequence is in fact an
arithmetic sequence.

(b) Find the least number of terms of this sequence which must be taken to give a
sum exceeding 1000.

The second term of an irfinite geometric series is 10, and the series has a sum to
infinity of 45.

Form a quadratic equation in r, the common ratio, .and solve it to find the two
possible values of the common ratio.

A circular disc of radius R is cut into twelve sectors such that the areas of the
sectors are in arithmetic sequence. Let u, be the smallest area, u, the second
smallest area, and so on, with u,, being the largest area.

Given that the area of the largest sector is twice that of the smallest sector, find the
angle (in degrees) between the straight edges of the smallest sector.



M.h 31 Show that the terms 21, 27 and 29 are neither in arithmetic sequence nor in

geometnc sequence.

(a) A number x is added to each of the terms 21, 27 and 29. The resulting terms
are then squared to give the terms (21+x), 27+ ¥)* and (29 +x)*.
If these terms are in arithmetic sequence, find the value of x .

(b) A number y is added to each of the terms 21, 27 and 29 to give the terms
21+y,27+y and 29+y.
If these terms are in geometric sequence, find the value of y.

%m 32, u,, u,, Uy, ... i8an arithmetic sequence with a common difference of 0.5 between
successive terms. The terms u,, u, and u, form the first three terms of a
geometric sequence.

Find the value of the first term, u,, of the arithmetic sequence, and find the value
of the common ratio of the geometric sequence.

/»Al 33. 4, u,, Uy, ... is a0 arithmetic sequence with first term, u,, equal to a, and with
non-zero common difference d between successive terms. The terms u,, u, and
u,, form the first three terms of a geometric sequence.
(a) Show that @ and d satisfy the equation 2a+3d =0.

6
_(b) Given also that M: , =12, find the values of a and d, and find the common
k=1
ratio of the geometric sequence.

VNA 34 The nthterm, u,, of a sequence is given by the formula u, =r* +n. . ...

(a) Write down the values of u,, u,, #, and u,.
{(b) Which term has value 1327

(c) Make use of the formulae for M» and M»N to find an expression woaMzn
k=1 k=1 k=1
in terms of #1, giving your answer as a single fraction in fully factorised
form.
Hence: (1) find how many terms must be taken to give a sum of
4600

40
(i) evaluate Mf .

k=30




ANSWERS

1

1 1 1 “
. .z

(Sv b6 x F2 x+3’ I»|~+m»+mu,

L
[

> 1 ]
Mti\l@rw

RIS T
n(n+1)n M 2)(n—1) "
n(n+1)n M 2)(3n—-1) @
u, =6n+2; the?23™ term (b)

u, =77 (b) MS =n(4n+1);

81 920 ()  the 19" term

=n(n+6); 39 terms

1
(a) 65 536 ® s

2
r=2x",

>

1 2

When HHIl.HMw:a%l_AwA_W S

3 9

1 1 1

—

“Gr-D3x+2) 3Gx-1) 30Gx+2)’

13 1
@, ®

(a) 250n(n+17) (b) 25 years
. (a) geometric (b) a=65

. (a) anthmetic (b) a+3d =8 (c
(d) a=35,d=15 (€) v, =14

. 2640

~ 3k - )3k +2)

~

Mwu _ n+1)? :
past 4
n(n+1)*(n+4)
4
n(n+1)(n—-1)(%n+10)
12

S,=n(3n+5); 16 terms

50 terms

(c 20475

! !

a+7d =14 (or equivalent)

H 5375

6 3G3n+2)

17.

18.

20.

21.

24.

25.

26.

217.

28.

29

31

32.

33.

35.

3
Awuwgawoiﬂf\wAf S, =1250
_(a) 2405 ) 1270 (c 84 700
. 341

1
?vnnmvku_w 200
-9160 19. 30
1 1 1

al,—,0,-—, -t d=-~ b -75
@1,5,0 - . W
39 terms 22. 28 terms
S,=5(2"-1);, 5240320

3 2
wHMu:awo -l<r<l, %snaww

() n(2n-1) (b) 23 days
Wt Im:w
il 2

(a) u,,, —u, =1n2, so there is a common difference of In2 between successive
terms

(b) 54 terms
1 2
r=—orr=-— 30. 20°
3 3
27—-21#29-27, so the terms are not in arithmetic sequence;
27 29
T # m , S0 the terms are not in geometric sequence;
(a) x=-22 (b) y=-30
u =25, r=15
bBya=-3,d=2, r=3

@ u,=2,u,=6,u =12
= nn+Hn+2

(c MF.! ¢ X ).
k=1

,u, =20 (b) the 11" term

40
=———2 @) 23 terms @i  Dlu, =13970

w k=30



ADVANCED-HIGHER MATHEMATICS

SEQUENCES AND SERIES HOMEWORK 1

1 . . .
Express ——————— in partial fractions.
(k +2)(k +3) .
Hence find an expression for Ml%l and evaluate Ml_‘
Sk +2)(k +3) o (b +2)(k +3)

Express 1 in partial fractions and find an expression for
(4k — 1)(4k +3)

- 1

,MET:ETLY

Hence: (a) evaluate the sum

1 1 1 1 i
+

+ + +..+ ;
3x7 7x11 11x15 15x19 75%x79
(b) evaluate the sum of the infinite series

1 1 1 1
+ + + +o.

3x7 TxI1 1Ix15 15x19

1

Express ————— in partial fractions.
P K iak+3 P
Hence show that M 5 1 = ERN. - ! and
SkP+4k+3 12 2(n+2) 2(n+3)
= 1
evaluate ) ————.
W k' +4k+3

”n
Write down an expression for M»N and hence find an expression for
k=1 i

n

M (2k* —7), giving your answer as a single fraction in fully factorised form.
k=1

5. Write down expressions for 3 & and ) k”.

k=1 k=1

Hence find an expression for M»Q« +2), giving your answer as a single fraction
k=1

in fully factorised form, and evaluate
(Ix3)+(2x4)+(B3x5)+(4x6)+...+(38x40).

Please turn over for questions 6, 7 and 8.

8. Given that M»a =

Make use of the formulae for > k, > k* and ) k* to find an expression for
k=1

k=1 k=1 -

Mi» +1)(k +5), giving your answer as a single fraction in fully factorised form.
k=1

Hence evaluate (1x2x6)+(2x3x7)+(3x4x8)+(4x5x9)+...+ (15x16x20).

Make use of the formulae for >k, Dk* and 3k’ to find an expression for

k=1 k=1 k=1

.M»@ivﬁwtcu giving your answer as a single fraction in fully factorised

k=1
form.
Hence evaluate (1x2x1)+(2x3x3)+(3x4x5)+(4x5xT)+...+(23x24x45).

n(n+1)2n+1)3n”> +3n-1)

find an expression for
= 30

> k*(3k* +1), giving your answer as a single fraction in fully factorised form.
k=1
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ADVANCED HIGHER MATHEMATICS

SEQUENCES AND SERIES HOMEWORK 2

For the arithmetic sequence 3, 7, 11, 15, .., find a formula for u, the nth term.

Hence find: (a) the 20% term;
(b) which term is 235;
(c) which term is the first term to exceed 500.

For the arithmetic sequence 100, 98.4, 96.8, 952, ..., find which term is the first
to be negative, and state the value of this term.

The third term of an arithmetic sequence is 13 and the seventh term is 25.
Find the 40" term of this sequence.

Let #, denote the nth term of the sequence -5, -3, -1, 1, .
Evaluate: (a) w FU, Uy U Tl

(b) Ugy Fllgy +lg tlg + .l
Evaluate the sum of the series 2+ 5+ 8+ 11+ ... + 440.

For the arithmetic sequence 8, 14, 20, 26, ..., find a simple expression for S, the

sum of the first n terms.
Hence find: (a) the sum of the first 40 terms
L) how many terms must be taken to give a sum of 13 000
() the least number of terms which must be taken to give a
sum exceeding 20 000,

A rod is divided into 20 pieces such that the lengths of the pieces form an
arithmetic sequence. Let u, denote the length of the shortest piece, u, the length
of the second shortest piece, and so on, with u,, being the length of the longest

piece.

Given that the shortest piece is 4 units long and that the longest piece is 11 times
the length of the second shortest piece, find the length of the whole rod.

The first term of an arithmetic sequence is 18, and the fourth term is 9.
Show that the sum of the first four terms of this sequence is equal to the sum of
the {irst nine terms.

An arithmetic sequence with first term a and common difference d is such that
the seventh term is twice the second term.
Show that a and d satisty the equation @~ 4d = 0.

Given also that the 15" term of this sequence is 54, write down another equation
inaand d.

Hence find: (a) the 11% term of this sequence
b the sum of the first 50 terms of this sequence.

10.

il

12.

The second term of an arithmetic sequence is 7 times the fifth term, and the sum
of the first six terms is 72.

(a) Find the first term and common difference.
(b) Find also the sum of the first 45 terms.

\.w man wins a prize in the form of a guaranteed annual income for the rest of his
life. The income will be £5000 in the first year and will increase by £1500 per
annum thereafter, so that the income in the second year will be £6500, and so on.

If £5 denotes the total income received over the first » years, find a formula for
S, and hence find:

(a) the total income received over the first 10 years
(b) the number of years until the total income first exceeds 500 000.

Find also the total income received in the 5" year to the 20" year (both years
inclusive).

In an arithmetic sequence of n terms, the first term is 7 and the last term is 43.

(2) If d is the common difference between successive terms, show that 7 and d
satisfy the equation (n-1)d = 36.

(b) Given that the sum of the terms in the sequence is 250, find the values of n
and d . -
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ADVANCED HIGHER MATHEMATICS

SEQUENCES AND SERIES HOMEWORK 3

A geometric sequence begins 2, 6, 18, 54, .

(a} Find the 9" term of this sequence.
(b) Find the sum of the first 12 terms.

A geometric sequence begins 6, 12, 24, 48, .

(a) Which term of this sequence first exceeds 1 000 0007
(b) Find the sum of the terms in this sequence between the 10™ and the 15% (with
both these terms included).

Find the sum of the geometric series 5+ 15+ 54 + 135 + . + 885 735.

The fourth term of a geometric sequence is 192 and the sixth term is 3072.
Given that this is a sequence of positive terms, find the tenth term of this sequence.

Let S, denote the sum of the first # terms of the geometric series
9+ 18+36+72+ .

(a) Find a formula for §,.
{b) How many terms must be taken to give a sum of 22957

The third term of a geometric sequence is 75 and the sixth term is 9375.
Find the sum of the first eight terms of this sequence.

. 5 .4 8 16 32 . .
Explain why the geometric series S +ﬂ + - + m* .. has a sum to infinity, and

find the value of the sum to infinity.

The first term of a geometric series is 28 and the series has a sum to infinity of 16.
Find the second and third terms of this sequence.

A rod 20 metres (i.e. 20 000 mm) in length is divided into ten pieces such that the
lengths of the pieces form a geometric sequence. Let u, denote the length of the
shortest piece, u, the length of the second-shortest piece, and so on, with u,,
denoting the length of the longest piece.

Given that the length of the longest piece is 512 times the length of the shortest
piece, find the length of the shortest piece to the nearest millimetre.

10.

A woman has just won a prize in the form of a guaranteed annual income for the
rest of her life. The prize is to be paid as follows.

The income in the first year will be 25 pence;
The income in the second year will be 50 pence;
The income in the third year will be £1:

And so on, with the ineome doubling annually.

Let £.5, denote the total income the woman will receive in » years.
(a) Find a formula for S, .

(b) How many more years will the woman have to live to receive at least
£1 000 000 in total from this income?

. A sequence u,, u,, Uy, ... is defined by the recurrence relation #,,, = -06u,,

with first term, #,, equal to a.
(a) Given that Mt* =15, find the value of a.
k-1

(b) Find the fifth term, u,, correct to two decimal places.
8

(¢ Evaluate M u, , giving the answer correct to two decimal places.
k=1

_ A line is divided into five parts such that the fengths of the parts form a geometric

sequence. Let u, denote the shortest length, u, the second-shortest length, and so
on, with », being the longest length.

Given that the shortest length is 4 cm and the longest length is 324 cm, find the
length of the whole line.






