Advanced Higher Mathematics Exam Solutions — 2001 (Typed)

1 1]10)4

1 0 2(20)5

H=n 1 1 1]10
n=rn—-2%70 -3 1[-16
n—n 0 -1 1| 10

— 1 1 110
n=r 0 -3 1]|-16
W=37-#70 0 2| 46
Using back substitution...
2z =146
z=23

So —-3y+x=16
-3y+23=16
3y=39

y=13

And x+y+2z=10
x+13+23=10
x+36=10

x=-26
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Advanced Higher Mathematics

QuestionA2
@ f)=@+mn 5T

Using the product rule...
1
"(x)=1.tan"' x—1 + (2 + x). ——5.%(Vx -1
f( ) ( )1+(m)2 dx( )

1 1
=tan Vx—1+(2+%). A-171
1+x-1
=tan " x—1'+2+x L
x 'Z\Ix—l
24+ x

-1
=tan Jx—-1+——=
2xx—1

I (b) g(x)= o
Method 1
g'(x) =—cosec’ (2x).2.67%

t2 2
=2 cosec” 2x

Method 2
2x
] x zecoth‘i(Cos )
£ ( ) dx sin2x

weae —2sin’ 2x —2cos” 2x ) )
=, — using the quotient rule
sin” 2x
-2 2
wi2x| 2sin”2x  2cos” 2x
- T . 2 .
sin” 2x sin’ 2x

2 cos® 2xj

— ecot2x _2 -
. 2
sin” 2x

= D¢ (l + cot’ 2x)
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:_;'.

I 2xsindx dx

0

Using integration by parts

= 2x ——4-cos4x] J.~%cos4x dx

0

A

~ 4
= ———xcos4x] + J%—cos4x dx

0

[~ frcosta ] 4 [-dsin(a0) [

— ya
——lz—xcos 4x + %sin4x:]4
0

= (m%cosyr + %sinﬂ:) — (O + %sinn')

—z 1

z
8

2+5+8++(Bn-1)=5n(3n-1)
When »=1,LHS =2
RHS=1.14=2

Since RHS =LHS, the result is true for n=1
Assume true for n=£
2+5+8++(3k—1)=1£(3k+1)
When n=+F4+1
245+ 8+ +(3k~1)+(3(3k+1)-1) =Tk (3% +1)+(3(k+1)-1)
=Lk(3k+1)+(3k+2)
=2 +Lk+3k+2
=2F +2k+2
=L (387 +7k+4)
=L (k+1)(3k+4)
=L (k+1)(3k+3+1)
=L(k+1)(3(£+1)+1)

Since true for =1 and n=/£+1, the by the Principle of Mathematical Induction, the
result is true for all positive integers.
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~A(x+1)+B(x-1)
(x+1)(x-1)
Equating numerators...
A(x—=1)+B(x+1)=x

Nlr—‘ N

Whenx=-1: 24A=-1 = A
When x=1: 2B=1 = B=

x 1 1
= +
2(x+1) 2(x-1)

1 1
= | w+—2—+—2_ Jx
J x+1 x-1
( (1 (1
xdity | ——det+s | — dx
- x+1 x+1
lln|x+l|+~1—ln|x—ll+c

_%_
%jx + 1lnlx l,+c

(@ (er (2 (e () (@ -2 ()
:xs+4x6(_;)+6x4(g)+4x2(_;H_g

32 16

ok

—8x° +24x% —

X x
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X"+ 6x+12
+2

4
x+2

Therefore 2=1and 6 =4

=x+4+

(b) Vertical asymptote: x=-2

Non-vertical asymptote: y=x+4
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I F(x)=1—4(x+2)"
4

- (x+2)

Stationary points occur where f'(x)=0...
-4 __g
(x+2)

4
l=——
(x+2)
(x+2) =4
x+2=%2
x=—2+2
=0 or —4

When x=0 then f(0)=12=6

When x=—4 then £(—4) :lﬁiiﬂ%: 4o
Nature
Method 1 — Second derivative
” _ 8
£ = (x+2)

%enx:(),f"(())zzs;a=1>0 = Local minimum at (0, 6)

When x =—4, f"(-4) = i iy =-1<0 = Local maximum at (—4,-2)
Method 2 — Table of values
x - -4 > 0 -
x - - - 0 +
x+4 |- 0 + + +
ff(x)|+ 0 — 0 +

Graph / \ _ /

Hence (0, 6) is a local minimum and (—4,—-2) is a local maximum.
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2 +6x+12 ]i(x)
x+2

f(x)=

v

-2

O0=n

" )  Let z=cos@ +isinf

Then z° = (cosf +isin0)’ = cos30 +isin30
S22 +1=0
2> =-1

And so cos360 +isin30 =—1, ie 30 =7 or 37w or 57

0= 3 or 7 or 53”

1,43:;

Therefore the solutions are  cosZ% g 4 zsm—3— 5+%5i

cosT +isinw =—1

— 1
2

Thus z12=[—21—(1+«/§i):l (1+243i+3i ):%(—2+2\/§i)=—
) =4 H

1—2+/3i + 34 ):

[\S]
+
;
\‘:./
gy
+
3

=1
T4
-1
4

Points form an equilateral triangle.

Points are equally spaced around a circle with radius 1 unit.
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dt
N fi AM = Jk dt
M
In|M|=kt+c
M= ekt+c
_ ec.e/et
— Aekt

When t=0, M =M, so M,=Ae’ = A.
Hence M =Moekt
|(b) When =30, M =L M,:
% Mo — Mo e30k
= e = 7
30k =In(1)
-1 1
k= 3ln(3)

=-0-023104906...

Therefore £=-0-0231 to 3 significant figures.
= M, x 0-445525854. ..

Therefore 45% of the original plant food is left after 35 days.

| When M=1M,:

% Mo - Moe—o~oz31t
—0:02317 __ ]
= e = Z
. —In(l
—0-0231z = ln( 4)
_ 1 1
! =~00231 ln(Z)

=60-01274291...
> 60

Therefore the manufacturer’s claim is justified.
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149=1>§159+10
139=13x10+9
10=1x9+1
Now working backwards. ..
1=10—-1x9
=10-(139-13(10))
=14(10)-139
=14(149-139)-139
=14(149) -15(139)

J-% e Inx

Integrating factor is e

Therefore xﬁil +y= x*
dx

o ¢
So the general solutions is y = %xz +
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| Que
11 1)1 o 1
AB=|1 2 3|4 -2 =2
1 -1 -1){-3 2 1

1+4-3 0-2+2 1-2+1
=|1+8-9 0-4+6 1-4+3
1-4+3 0+2-2 1+2-1

2 00
=0 2 O
0 0 2

. 4B=21
A7 AB=A"21

(i) A’B=AAB=A21=24

| 1 1 1) (2 2 2

SoA’B=2|1 2 3 |=|2 4 6
1 -1 -1/ |2 -2 -2

Page 10

Exam Solutions — 2001 (Typed)




Advanced Higher Mathematics

| Question

Method 1

F(x)=2+x)hQ2+x) = f(0)=2In2

f)=ln2r ) =  f'(0)=In2+1
" 1 )

fr = . 0

=Gy = o=

Using the Maclaurin series expansion...

F@=FO+F O+ 2 0+ 2 f(0)

:2ln2+xln2+x+ix2—214x

2 3
=2In2+(1+In2)x + -
4 24

Method 2
f(x)=In(2+x) = f(0)=In2
! 1 14
f@=s— = fO=4
1

f(x)——(2+) = fO=--4

()= fr@=1

(2+x)
Using the Maclaurin series expansion...
4 xz ” x3 "
f @)= Q)+ (0)+= £ (0)+ - f7(0)
=In2+ x+%x2 —ﬁxa

So the Maclaurin series expansion for..

(2+x)n(2+x)= (2+x)(ln2+x+4x —2+°)

=2ln2+x— 4x +1x +xln2+1 2

_ 3
21n2+x+xln2+4x —24x

—21n2+(1+ln2)x+ x% —24x
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2
%+2%—3y=6x—-1

Auxiliary Equation...
m*+2m—3=0
(m+3)(m-1)=0

m=-3 or m=1

X

Therefore the complimentary function is y =c,e” +c,e”

Particular Integral...
y=Ax+B
&_,
dx
2
i

"~ 0+2A-3Ax—-3B=6x—-1

Equating coefficients...

~34=6
A=2
2A-3B=-1
—4-3B=-1
3B=-3
B=-1

Therefore the Particular Integral is y =—2x—1 and the general solution is...

y=ce* +c,e* —2x-1
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 Given L;: x=8-2¢

y=—4+2¢
z=3+¢
and from L : i=;y—ﬁ:z_9=s we get x =—2s
-2 -1 2
y=—s+2
z2=25+9

At point of intersection. ..
8-2t=-2s = 2s-2t=8 @
4 +2t=—5-2 = s+2t=2 @
3+t=2s+9 = 2s—t=—6 O
2x@-®: 3t=6
t=2
Substitute # =2 into equation @...
s—2=-4
s=-2
Do s=-2 and =2 satisfy ®?
2s—1=2(-2)-2
=—6
When r=2: x=8-4=4
y=—4+4=0
z=3+2=5
Therefore the lines Z, and Z, intersect at the point (4,0, 5).

From L: x=8-2t = t:x—_z§
4
y=—4+2r = t=}/;r
z—3
z=3+t = t=
1
-2 )
Giving direction cosine &, =| 2 |, and from L, we get 4, =| —1 |.
1 2
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Let an angle between lines Z, and Z, be 6.
4,

KACA

3 (-2)(-2)+2(-D)+1x2
CJ@y 2 2y (1) + 2

cosl =

_4-2+2
NN
—4
-9
= cos (4
0 = cos (—9—)
-2
Since direction cosine of Z, is | —1 |, plane has equation of the form
2
2x—y+2z=d.

Since (1, — 4, 2) lies on the plane...

d=-2x1—(—4)+2x2
=-2+4+4
=6
Thus the equation of the plane is...
—2x—y+22=6 or 2x+y—2z+6=0

Substituting parametric form of line Z, into plane IT...
—2x—9y+2z= 6
—2(8—-2¢)—(—4+2¢)+2(3+1)=6
~16+4t+4—-2t+6+2t=6
4t—6=06
t=3
When =3, x=8-2x3=2
y=—4+2x3=2
z2=3+3=06

Therefore the point of intersection is (2, 2, 6).
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