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1st Prelim Examination 2018 / 2019 
 

MATHEMATICS 
 

Advanced Higher Grade  

 

Time allowed    -    2 hours 

 

Total marks – 65 
 
Attempt ALL questions. 
 
You may use a calculator. 
Full credit will be given only to solutions which contain appropriate working. 
State the units for your answer where appropriate. 
Answers obtained by readings from scale drawings will not receive any credit. 
 
Write your answers clearly in the answer booklet provided. In the answer booklet, you must 
clearly identify the question number you are attempting. 
Use blue or black ink. 
Before leaving the examination room you must give your answer booklet to the Invigilator; 
if you do not, you may lose all the marks for this paper.   
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1. Find and simplify 𝑓′(𝑥) where: 
 

(a) 𝑓(𝑥) = √𝑥𝑒−𝑥          4 
 

(b) 𝑓(𝑥) =
10−4𝑥

1+𝑒2𝑥
           3 

 

(c) Given 𝑦 = 3𝑥, use logarithmic differentiation to obtain 
𝑑𝑦

𝑑𝑥
 in terms of 𝑥.  3 

 
 
 
 

2. Use Gaussian elimination to solve the system of equations: 
 

   𝑥 +  𝑦  + 3𝑧 = 2  
2𝑥 + 𝑦 + 𝑧 = 2  

       3𝑥 + 2𝑦 + 5𝑧 = 5     5 
 

 
 
3. Use the division algorithm to express 12345 in base 7.     4 
 
 
                                                                             
4. Use the Euclidean algorithm to find 𝑑, the greatest common divisor of 714 and 582.  

 
Hence find integers 𝑢 and 𝑣 such that 𝑑 = 714𝑢 + 582𝑣.      4 
 
 

 
5. A curve 𝐶 has equation: 
 

     𝑥3 + 4𝑥𝑦 − 2𝑥 − 2𝑦3 + 3 = 0. 
 

(a) Use implicit differentiation to find 
𝑑𝑦

𝑑𝑥
 in terms of 𝑥 and 𝑦.    3 

 

(b) Find the equation of the tangent to the curve 𝐶 at the point (1, −1).   2 
 
 
 
 

6. Integrate 𝑥2 ln 𝑥 with respect to 𝑥.        4 
 
                                                                      [Turn over for Questions 7, 8, 9, & 10 

       
 

Total marks – 65 
Attempt ALL questions. 
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7. The matrix 𝑀 is given by 𝑀 = (
𝑥 2
4 −1

) where 𝑥 is an integer. 

 

(a) Given that 𝑀2 = 2𝐼 − 7𝑀, where 𝐼 is the 2 × 2 identity matrix,  
find the value of 𝑥.          3 

 

(b) Hence find rational numbers 𝑎 and 𝑏 such that 𝑀−1 = 𝑎𝐼 + 𝑏𝑀.   2 
 
(c) The transformation represented by the matrix 𝑀 maps the point 𝑃(𝑥, 𝑦) 

to the point 𝑄(2 − 2𝑡, 𝑡 + 1) where 𝑡 is an integer.  
 

Find, in terms of 𝑡, the coordinates of the point 𝑃.     3 
 

 
 
 
8. Use the substitution 𝑢 = 1 + 3tan𝑥 to evaluate  
 

∫
√1+3tan𝑥

cos2𝑥
𝑑𝑥

𝜋

4
0

 .      5 

 
 

 

9. (a) Express 
𝑥+2

(1−2𝑥)(1+𝑥2)
 in the form 

𝑎

1−2𝑥
+

𝑏𝑥+𝑐

1+𝑥2 where 𝑎, 𝑏 and 𝑐 are constants.  3 

 
 
(b) Hence find the particular solution of the differential equation 
 

𝑑𝑦

𝑑𝑥
=

𝑥+2

𝑒2𝑦(1−2𝑥)(1+𝑥2)
  

 

given that 𝑦 = 0 when 𝑥 = 0.  
 
Express your answer for 𝑦  in terms of 𝑥.      7 

 
 

 
 

10. Find the particular solution of the equation 
𝑑2𝑦

𝑑𝑥2 + 14
𝑑𝑦

𝑑𝑥
+ 49𝑦 = 55 sin 𝑥 − 10 cos 𝑥  

given that 𝑦 = 4 and 
𝑑𝑦

𝑑𝑥
= −29 when 𝑥 = 0.       10 

 
 
 
 
 
 
 

[END OF QUESTION PAPER] 
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                             Marking Scheme – Advanced Higher Grade 2018 / 2019 1st Prelim 

 

 Give one mark for each • Illustrations for awarding each mark 

1(a) ans: 
𝟏

𝟐√𝒙
𝒆−𝒙(𝟏 − 𝟐𝒙)  

                                                   4 marks 
 

•  knows, and starts, to use product rule 
for differentiation correctly  
 

•  one term differentiated correctly 
 

•  completes differentiation correctly 
 

•  factorised form 

 
 
 

• 𝑓′(𝑥) = 𝑢′𝑣 + 𝑢𝑣′ 
 

•  
1

2
𝑥−

1

2e−𝑥 or  𝑥
1

2(−1)𝑒−𝑥 

 

•  
1

2
𝑥−

1

2e−𝑥 + 𝑥
1

2(−1)𝑒−𝑥 

• 
1

2√𝑥
𝑒−𝑥(1 − 2𝑥) 

 

1(b) ans: 
𝟒(𝟐𝒙𝒆𝟐𝒙−𝟔𝒆𝟐𝒙−𝟏)

(𝟏+𝒆𝟐𝒙)
𝟐  (or equivalent)  

                                                   3 marks                                        
 

•  knows, and starts, to use quotient rule 
for differentiation correctly  

•  completes differentiation correctly 

•  simplifies correctly 

 
 
 
 

•  
−4(1+𝑒2𝑥 )−⋯

(1+𝑒2𝑥)2  or 
…−(10−4𝑥 ).2𝑒2𝑥

(1+𝑒2𝑥)2    

•  
−4(1+𝑒2𝑥 )−(10−4𝑥 ).2𝑒2𝑥

(1+𝑒2𝑥)2  

• 
−4−24𝑒2𝑥+8𝑥𝑒2𝑥

(1+𝑒2𝑥)2
 

(or a simplified equivalent) 
 

1(c) ans: 𝒍𝒏𝟑. 𝟑𝒙 (or equivalent)  
                                                   3 marks                                        
 

•  knows, and starts, to use logarithmic 
differentiation correctly  

•  completes differentiation correctly 

•  simplifies correctly 

 
 
 
 

•  𝑙𝑛𝑦 = 𝑥𝑙𝑛3    

•  
1

𝑦

𝑑𝑦

𝑑𝑥
= 𝑙𝑛3 

• 
𝑑𝑦

𝑑𝑥
= 𝑙𝑛3. 𝑦 = 𝑙𝑛3. 3𝑥 

(or a simplified equivalent) 
 

2 ans: (𝟐, −𝟑, 𝟏) (or equivalent)                    
                                                   5 marks                                    
 

•  correct augmented matrix and first 
modified system correct 

•  second modified system correct 
 

•  third modified system correct 
 
 

••  correct solution 

 
 
 

••  (
1 1 3
2 1 1
3 2 5

     
2
2
5

) ~ (
1 1 3
0 −1 −5
0 −1 −4

     
2

−2
−1

) 

(or equivalent)                    

•  ~ (
1 1 3
0 −1 −5
0 0 −1

     
2

−2
−1

) 

 

••  ⇒ 𝑧 = 1, 𝑦 = −3, 𝑥 = 2 
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 Give one mark for each • Illustrations for awarding each mark 

3 ans: 𝟑𝟔𝟓𝟕                                  4 marks 
 

•  Correct method to convert to base 10 

•  Converts to base 10 

•  Correct method to convert to base 7 
 
 
 

•  Correct answer 

                      
                           

•   1 × 53 + 2 × 52 + 3 × 51 + 4 × 50        

•   194 

•   194 ÷ 7 = 27𝑟5 
     27 ÷ 7 = 3𝑟6  
     3 ÷ 7 = 0𝑟3  
 

•  3657 

4 ans: 𝒅 = 𝟔; 𝒖 = −𝟐𝟐 & 𝑣 = 27       4 marks                                 
                      

•   starts correctly 
 

•   continues to find 𝑑 correctly 
 
 
 

•   continues correctly 
 
 

•   correct answer 
 

 
 

•  714 = 1 × 582 + 132  
582 = 4 × 132 + 54 

•  132 = 2 × 54 + 24  
54 = 2 × 24 + 6  
24 = 4 × 6 + 0  

⇒ 𝑑 = 6 

•  6 = 54 − 2 × 24 
= 5 × 54 − 2 × 132 

= 5 × 582 − 22 × 132 

•  = 27 × 582 − 22 × 714  
⇒ 𝑢 = −22 & 𝑣 = 27  

(accept (6 =) 27 × 582 − 22 × 714)         
 

5(a) ans: 
𝒅𝒚

𝒅𝒙
=

𝟐−𝟑𝒙𝟐−𝟒𝒚

𝟒𝒙−𝟔𝒚𝟐                         3 marks 

                                 

•  starts differentiation correctly 
 

•  completes differentiation correctly 
 

•  rearranges correctly 
 
 

 
 

•  3𝑥2 + 4𝑦 + 4𝑥
𝑑𝑦

𝑑𝑥
… 

•  … − 2 − 6𝑦2 𝑑𝑦

𝑑𝑥
= 0 

•  ⇒ (4𝑥 − 6𝑦2)
𝑑𝑦

𝑑𝑥
= 2 − 3𝑥2 − 4𝑦 

⇒
𝑑𝑦

𝑑𝑥
=

2 − 3𝑥2 − 4𝑦

4𝑥 − 6𝑦2
 

5(b) ans: 𝟑𝒙 + 𝟐𝒚 − 𝟏 = 𝟎 (or equivalent)  
                                                   2 marks                                                 
                                 

•  correct gradient 

•  correct equation 
 

 
 
 

•  
𝑑𝑦

𝑑𝑥
=

2−3+4

4−6
⇒ 𝑚 = −

3

2
 

•  𝑦 + 1 = −
3

2
(𝑥 − 1) ⇒ 𝑦 = −

3

2
𝑥 +

1

2
 

 

6  
 
 
 
 
 
 
 

ans: 
1

3
𝒙𝟑𝐥𝐧𝒙 −

1

9
𝒙𝟑 + 𝑪                  4 marks                    

 

•  Knows to use integration by parts 

•  Applies integration by parts correctly   

•  integrates correctly 

•  Correct answer 

 
 

•  𝑢 = ln𝑥 ⇒ 𝑢′ =
1

𝑥
     𝑣′ = 𝑥2 ⇒ 𝑣 =

1

3
𝑥3 

•  
1

3
𝑥3ln𝑥 − ∫

1

𝑥

1

3
𝑥3𝑑𝑥 =

1

3
𝑥3ln𝑥 − ∫

1

3
𝑥2𝑑𝑥 

•  
1

3
𝑥3ln𝑥 −

1

9
𝑥3 

•  
1

3
𝑥3ln𝑥 −

1

9
𝑥3 + 𝐶 
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 Give one mark for each • Illustrations for awarding each mark 

7(a) ans: 𝒙 = −𝟔                                 3 marks                             
 

•  squares matrix 𝑀 correctly 
 
 
 

•  finds matrix 2𝐼 − 7𝑀 correctly 
 
 

•  equates and solves correctly  
 

 
 

•  𝑀2 = (
𝑥 2
4 −1

) (
𝑥 2
4 −1

) 

= (𝑥2 + 8 2𝑥 − 2
4𝑥 − 4 9

) 

•  2𝐼 − 7𝑀 = (
2 0
0 2

) − (
7𝑥 14
28 −7

) 

= (
2 − 7𝑥 −14

−28 9
) 

•  2𝑥 − 2 = −14 ⇒ 𝑥 = −6,  
4𝑥 − 4 = −28 ⇒ 𝑥 = −6 𝒐𝒓  

𝑥2 + 8 = 2 − 7𝑥 ⇒ 𝑥 = −1, −6 ⇒ 𝑥 = −6  
 

7(b) ans: 𝒂 =
𝟕

𝟐
, 𝒃 =

𝟏

𝟐
                          2 marks                             

 

•  pre-multiplies by 𝑀−1 and starts to 
simplify correctly  
 

•  correct values for 𝑎 and 𝑏  
 

 
 

•  𝑀2 = 2𝐼 − 7𝑀 

⇒ 𝑀−1𝑀2 = 𝑀−1(2𝐼 − 7𝑀) 
⇒ 𝑀 = 2𝑀−1 − 7𝐼 

•  𝑎 =
7

2
, 𝑏 =

1

2
 (accept 𝑀−1 =

7

2
𝐼 +

1

2
𝑀)    

                      

7(c) ans: 𝑷(𝟐, 𝟕 − 𝒕)                            3 marks                             
 

•  correct matrix equation 
 

•  multiplies matrices and starts to solve 
correctly  

•  solves equations to find correct 
coordinates 
 

 
 

•  𝑀𝑃 = 𝑄 ⇒ (
−6 2
4 −1

) (
𝑥
𝑦) = (

2 − 2𝑡
𝑡 + 1

) 

•  ⇒ (
−6𝑥 + 2𝑦

4𝑥 − 𝑦
) = (

2 − 2𝑡
𝑡 + 1

) 

⇒ −6𝑥 + 2𝑦 = 2 − 2𝑡, 4𝑥 − 𝑦 = 𝑡 + 1 

•  𝑥 = 2, 𝑦 = 7 − 𝑡 

8 ans: 
𝟏𝟒

𝟗
                                                 5 marks 

 

•  differentiates and rearranges correctly 
 
 

•  substitutes and integrates correctly 

•  changes limits correctly 
 

•  substitutes correctly 
 

•  correct answer 
 

 
 

•  𝑢 = 1 + 3tan𝑥 ⇒ 𝑑𝑢 = 3sec2𝑥 𝑑𝑥 

⇒ 𝑑𝑢 =
3

cos2𝑥
𝑑𝑥 ⇒

1

3
𝑑𝑢 =

1

cos2𝑥
𝑑𝑥  

(stated or implied) 

•  
1

3
∫ √𝑢 𝑑𝑢 =

1

3
[

2

3
𝑢

3

2] 

•  𝑥 = 0 ⇒ 𝑢 = 1 & 𝑥 =
𝜋

4
⇒ 𝑢 = 4 

•  ⇒
1

3
[(

2

3
(4)

3

2) − (
2

3
(1)

3

2)] 

• 
14

9
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TOTAL MARKS = 65 

 Give one mark for each • Illustrations for awarding each mark 

9(a) ans: 
𝟐

𝟏−𝟐𝒙
+

𝒙

𝟏+𝒙𝟐
                            3 marks                             

 

•  starts correctly 

•  a correct constant 

•  all constants correct 
 

 
 

•  𝑥 + 2 ≡ 𝑎(1 + 𝑥2) + (𝑏𝑥 + 𝑐)(1 − 2𝑥) 
• 𝑎 = 2, 𝑏 = 1 𝒐𝒓 𝑐 = 0 

• 𝑎 = 2, 𝑏 = 1 𝒂𝒏𝒅 𝑐 = 0 

9(b) 
ans: 𝒚 =

𝐥𝐧(𝐥𝐧|
𝟏+𝒙𝟐

(𝟏−𝟐𝒙)𝟐|+𝟏)

𝟐
 (or equivalent)                              

                                                    

•  starts correctly – rearranges and knows 
to integrate 

•  substitutes correctly 

•  integrates correctly 

•  substitutes correctly 
 

•  evaluates the constant of integration 
correctly 

•  substitutes and prepares to express y  

as a function of x    

 
 

•  expresses y  as a function of x  

correctly (ignore the omission of modulus 
signs) 
 

 
7 marks                             
 

•  ∫ 𝑒2𝑦𝑑𝑦 = ∫
𝑥+2

(1−2𝑥)(1+𝑥2)
𝑑𝑥 

• ∫ 𝑒2𝑦𝑑𝑦 = ∫ (
2

1−2𝑥
+

𝑥

1+𝑥2) 𝑑𝑥 

•  
𝑒2𝑦

2
= −ln|1 − 2𝑥| +

1

2
ln|1 + 𝑥2| + 𝑐 

•  
𝑒0

2
= −ln|1| +

1

2
ln|1| + 𝑐 

•  𝑐 =
1

2
 

• 𝑒2𝑦 = 2 (ln |(1 + 𝑥2)
1

2| − ln|1 − 2𝑥| +
1

2
) 

⇒ 𝑒2𝑦 = 2ln |
(1 + 𝑥2)

1
2

1 − 2𝑥
| + 1 

•  𝑦 =
ln(2ln|

√1+𝑥2

1−2𝑥
|+1)

2
    (or equivalent) 

 

10 ans: 𝑦 =
9

2
𝑒−7𝑥 −

11

2
𝑥𝑒−7𝑥 + sin 𝑥 −

1

2
cos 𝑥 

                                                                     

•  solves auxiliary equation correctly  
 
 

•  correct complementary function 

•  correct form for particular integral 

•  differentiates correctly 
 
 

•  substitutes correctly 
 

•  solves correctly  
 
 

•  states correct general solution 

•  substitutes and solves correctly 
 

•  differentiates correctly 
 

•  substitutes and solves to find correct 
particular solution 

10 marks                                                                                                      
 

•  𝑚2 + 14𝑚 + 49 = 0 
⇒ (𝑚 + 7)(𝑚 + 7) = 0 

⇒ 𝑚 = −7(twice) 
•  𝑦 = 𝐴𝑒−7𝑥 + 𝐵𝑥𝑒−7𝑥 

•  𝑦 = 𝐶 sin 𝑥 + Dcos 𝑥 

• ⇒
𝑑𝑦

𝑑𝑥
= 𝐶 cos 𝑥 − 𝐷 sin 𝑥 

⇒
𝑑2𝑦

𝑑𝑥2
= −𝐶 sin 𝑥 − Dcos 𝑥 

• (48𝐶 − 14𝐷) sin 𝑥 + (14𝐶 + 48𝐷) cos 𝑥 =
55 sin 𝑥 − 10 cos 𝑥  

•  ⇒ 48𝐶 − 14𝐷 = 55 ⇒ 14𝐶 + 48𝐷 = −10 

⇒ 𝐷 = −
1

2
⇒ 𝐶 = 1 

• ∴ 𝑦 = 𝐴𝑒−7𝑥 + 𝐵𝑥𝑒−7𝑥 + sin 𝑥 −
1

2
cos 𝑥  

•  𝑥 = 0, 𝑦 = 4 ⇒ 𝐴 =
9

2
 

•  
𝑑𝑦

𝑑𝑥
= −7𝐴𝑒−7𝑥 + 𝐵𝑒−7𝑥 − 7𝐵𝑥𝑒−7𝑥 

+ cos 𝑥 +
1

2
sin 𝑥  

• 𝑥 = 0,
𝑑𝑦

𝑑𝑥
= −29 ⇒ 𝐵 = −

11

2
 


