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Unit 1: Methods in Algebra and Calculus (H7X2 77) 
 
Integration – New rules and Functions 

 

In Higher Maths the formula sheet contained only two ‘Standard integrals’. You 

were also expected to learn that: 

∫(𝑎𝑥 + 𝑏)𝑛𝑑𝑥 =
(𝑎𝑥+𝑏)𝑛+1

(𝑛+1)𝑎
+c  NB linear function only 

Higher      Advanced Higher 

 

 

 

 

 

 

No 
1

𝑎
! 

 

 

 

 

 

 
 

Examples:  ∫ cos(2𝑥 + 1)𝑑𝑥 =
1

2
sin(2𝑥 + 1) + 𝑐 

   ∫(5𝑥 + 3)4𝑑𝑥 =
(5𝑥+3)5

5×5
+ 𝑐 =

1

25
(5𝑥 + 3)5 + 𝑐   

   ∫(3𝑥 + 5)−2𝑑𝑥 =
(3𝑥+5)−1

3×−1
+ 𝑐 = −

1

3(3𝑥+5)
+ 𝑐  

 

∫ 𝑒3𝑥𝑑𝑥 = [
1

3
𝑒3𝑥]

0

1

= (
1

3
𝑒3) − (

1

3
𝑒0) =

1

3
𝑒3 −

1

3
=

1

3
(𝑒3 − 1)

1

0
 

 
 

 ∫
4

𝑥
𝑑𝑥 = 4 ∫

1

𝑥
𝑑𝑥 = 4(𝑙𝑛|𝑥|) + 𝑐 = 4𝑙𝑛|𝑥| + 𝑐



 ∫ tan2 𝑥 𝑑𝑥 NB tan2 𝑥 =
sin2 𝑥

cos2 𝑥
=

1−sin2 𝑥

cos2 𝑥
=

1

cos2 𝑥
−

cos2 𝑥

cos2 𝑥




∫ tan2 𝑥 𝑑𝑥 = ∫(sec2 𝑥 − 1) 𝑑𝑥 = tan 𝑥 − 𝑥 + 𝑐



∫
𝑑𝑥

√9−𝑥2

3

1.5
= ∫

𝑑𝑥

√32−𝑥2

3

1.5
= [sin−1 (

𝑥

3
)]

1.5

3
= sin−1(1) − sin−1 (

1

2
) =

𝜋

2
−

𝜋

6
=

𝜋

3
 

 

 

 

Standard integrals  Standard integrals 

 f x  ∫ 𝑓(𝑥)𝑑𝑥   f x  ∫ 𝑓(𝑥)𝑑𝑥 

sin 𝑎𝑥 −
1

𝑎
cos 𝑎𝑥 + 𝑐  sec2(𝑎𝑥) 

1

𝑎
tan(𝑎𝑥) + 𝑐 

cos 𝑎𝑥 
1

𝑎
sin 𝑎𝑥 + 𝑐  

1

√𝑎2 − 𝑥2
 sin−1 (

𝑥

𝑎
) + 𝑐 

   
1

𝑎2 + 𝑥2
 

1

𝑎
tan−1 (

𝑥

𝑎
) + 𝑐 

 
 

 
 

1

𝑥
 ln|𝑥| + 𝑐 

   𝑒𝑎𝑥 
1

𝑎
𝑒𝑎𝑥 + 𝑐 

P70 Ex1A & 1B 

All 

P72 Ex2A & 2B 

All 

NB: the constant can 

be removed from an 

integration as a factor. 

 

Bk2 P61 Ex1A Q2(a) &(e) 

P62 Ex1B 1st column 
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Integration by Substitution 
Inverse of the chain rule – look for product of functions where one function 

closely resembles the derivative of the other. 
 

  ∫ 𝑥(𝑥2 + 3)3 𝑑𝑥  
    

Let 𝑢 = 𝑥2 + 3 so 
𝑑𝑢

𝑑𝑥
= 2𝑥 re-arranging gives 𝑑𝑥 =

𝑑𝑢

2𝑥
 

 

∫ 𝑥(𝑥2 + 3)3 𝑑𝑥 = ∫ 𝑥𝑢3 𝑑𝑢

2𝑥
   replacing 𝑥2 + 3 and 𝑑𝑥 

= ∫
𝑢3

2
𝑑𝑢 =

1

2
∫ 𝑢3𝑑𝑢 =

1

2
×

𝑢4

4
+ 𝑐 =

1

8
𝑢4 + 𝑐 

Replace 𝑢 with 𝑥2 + 3 to give  1

8
(𝑥2 + 3)

4
+ 𝑐 

 

 

∫ 3𝑥2(𝑥3 − 4)5 𝑑𝑥   Let 𝑢 = 𝑥3 − 4 so 
𝑑𝑢

𝑑𝑥
= 3𝑥2 ⇒  𝑑𝑥 =

𝑑𝑢

3𝑥2   
 

∫ 3𝑥2(𝑥3 − 4)5 𝑑𝑥 = ∫ 3𝑥2𝑢5
𝑑𝑢

3𝑥2
= ∫ 𝑢5 𝑑𝑢 =

𝑢6

6
+ 𝑐 

 

Then back to 𝑥:  
1

6
(𝑥3 − 4)

6
+ 𝑐 

∫ 8 cos 𝑥 sin3 𝑥 𝑑𝑥   Let 𝑢 = sin 𝑥 so 
𝑑𝑢

𝑑𝑥
= cos 𝑥 ⇒  𝑑𝑥 =

𝑑𝑢

cos 𝑥
 

   = 8 ∫ cos 𝑥 𝑢3 𝑑𝑢

cos 𝑥
= 8 ∫ 𝑢3𝑑𝑢 = 8 ×

1

4
𝑢4 + 𝑐 = 2𝑢4 + 𝑐 

 

Then back to 𝑥:  2 sin4 𝑥 + 𝑐 

 ∫
4 ln 𝑥

𝑥
𝑑𝑥   Let 𝑢 = ln 𝑥 so 

𝑑𝑢

𝑑𝑥
=

1

𝑥
⇒  𝑑𝑥 = 𝑥𝑑𝑢 

  ∫
4 ln 𝑥

𝑥
𝑑𝑥 = 4 ∫

𝑢

𝑥
𝑥𝑑𝑥 = 4 ∫ 𝑢𝑑𝑢 = 4 ×

1

2
𝑢2 + 𝑐 = 2𝑢2 + 𝑐 

Then back to 𝑥:  2(ln 𝑥)2 + 𝑐 

 Use the substitution 𝑥 = tan 𝜃 to determine ∫
𝑑𝑥

(1+𝑥2)
3
2

1

0
  

Let 𝑥 = tan 𝜃 so 
𝑑𝑥

𝑑𝜃
= sec2 𝜃 ⇒  𝑑𝑥 = sec2 𝜃 𝑑𝜃  

 

New limits needed: Upper - tan 𝜃 = 1 ⇒ 𝜃 =
𝜋

4
 

    Lower - tan 𝜃 = 0 ⇒ 𝜃 = 0 

 

NB: Less obvious 

questions will 

have the 

substitution 

given. 
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 ∫
𝑑𝑥

(1+𝑥2)
3
2

1

0
= ∫

sec2 𝜃𝑑𝜃 

(1+tan2 𝜃)
3
2

𝜋

4
0

= ∫
sec2 𝜃𝑑𝜃 

(sec2 𝜃)
3
2

𝜋

4
0

= ∫
sec2 𝜃𝑑𝜃 

sec3 𝜃

𝜋

4
0

  

 

= ∫
𝑑𝜃 

sec 𝜃

𝜋
4

0

= ∫ cos 𝜃

𝜋
4

0

𝑑𝜃 = [sin 𝜃]
0

𝜋
4 = sin

𝜋

4
− sin 0 =

1

√2
 

 

 

 

 
 

 ∫
𝑥+1

𝑥2+2𝑥−7

9

4
𝑑𝑥  Let 𝑢 = 𝑥2 + 2𝑥 − 7 so 

𝑑𝑢

𝑑𝑥
= 2𝑥 + 2 ⇒  𝑑𝑥 =

𝑑𝑢

2𝑥+2
  

 

New limits:  Upper - 𝑥 = 9 ⇒ 92 + 2 × 9 − 7 = 92 

    Lower - 𝑥 = 4 ⇒ 42 + 2 × 4 − 7 = 17 

 

∫
𝑥 + 1

𝑥2 + 2𝑥 − 7

9

4

𝑑𝑥 = ∫
𝑥 + 1

𝑢
×

𝑑𝑢

2(𝑥 + 1)

92

17

=
1

2
∫

𝑑𝑢

𝑢

92

17

=
1

2
[ln|𝑢|]17

92
 

 

=
1

2
(ln 92 − ln 17) =

1
2

 ln
92
17

 

 

NB: No need to go back to 𝒙 when we have created new limits 
 

 

 

 
 

Integrals of Rational Functions Remember partial fractions!! 
 

𝑎𝑥+𝑏

(𝑐𝑥+𝑑)(𝑒𝑥+𝑓)
=

𝐴

(𝑐𝑥+𝑑)
+

𝐵

(𝑒𝑥+𝑓)
  - Up to 3 linear factors 

 

𝑎𝑥2+𝑏𝑥+𝑐

(𝑑𝑥+𝑒)(𝑓𝑥+𝑔)2 =
𝐴

(𝑑𝑥+𝑒)
+

𝐵

(𝑓𝑥+𝑔)
+

𝐶

(𝑓𝑥+𝑔)2  -  Repeated linear factors 

 

𝑎𝑥2+𝑏𝑥+𝑐

(𝑑𝑥+𝑒)(𝑓𝑥2+𝑔𝑥+ℎ)
=

𝐴

(𝑑𝑥+𝑒)
+

𝐵𝑥+𝐶

(𝑓𝑥2+𝑔𝑥+ℎ)
 -  Linear & irreducible quadratic 

 
𝑑𝑒𝑔𝑟𝑒𝑒 ≥𝒏 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙

𝑑𝑒𝑔𝑟𝑒𝑒 𝒏 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙
 - Improper Rational Function (needs division) 

 

P77 Ex5A 

Odd numbers (not Q3) 

P74 Ex3 

Q1-15 – 1st column 

P75 Ex4A 

Q1-5 – 1st column 

 

P76 Ex4B 

Q4-9 – 1st column 

 

P77/78 Ex5B 

All 
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Rational functions can be integrated by first converting them to partial fractions: 

 

 ∫
𝑑𝑥

𝑥2−3𝑥+2
 

 

= ∫ (
1

𝑥−2
−

1

𝑥−1
) 𝑑𝑥   

= ln|𝑥 − 2| − ln|𝑥 − 2| + 𝑐   

= ln (|
𝑥 − 2

𝑥 − 1
|) + 𝑐 

 ∫
𝑥

𝑥2−6𝑥+9
𝑑𝑥 

 

= ∫ (
1

𝑥 − 3
+

3

(𝑥 − 3)2
) 𝑑𝑥 

= ∫ (
1

𝑥 − 3
+ 3(𝑥 − 3)−2) 𝑑𝑥 

= ln|𝑥 − 3| +
3(𝑥 − 3)−1

−1
+ 𝑐 

= ln|𝑥 − 3| −
3

𝑥 − 3
+ 𝑐 

 

2015 Q17 of  18:  9 marks 

  

Convert 
1

𝑥2−3𝑥+2
 to partial fractions 

 

1

(𝑥 − 2)(𝑥 − 1)
=

𝐴

𝑥 − 2
+

𝐵

𝑥 − 1
 

 

𝐴(𝑥 − 1) + 𝐵(𝑥 − 2) = 1 
 

Let 𝑥 = 1 ⇒ 𝐴(0) + 𝐵(−1) = 1 ⇒ 𝐵 = −1 

Let 𝑥 = 2 ⇒ 𝐴(1) + 𝐵(0) = 1 ⇒ 𝐴 = 1 

 

Convert 
𝑥

𝑥2−6𝑥+9
 to partial fractions 

 

𝑥

(𝑥 − 3)2
=

𝐴

𝑥 − 3
+

𝐵

(𝑥 − 3)2
 

 

𝐴(𝑥 − 3) + 𝐵 = 𝑥 
 

Let 𝑥 = 3 ⇒ 𝐴(0) + 𝐵 = 3 ⇒ 𝐵 = 3 

Let 𝑥 = 1 ⇒ 𝐴(−2) + 3 = 1 ⇒ 𝐴 = 1 

 

NB: ∫
𝑥

𝑥2+1
 is found 

using integration 

by substitution 

where 𝒖 = 𝒙𝟐 + 𝟏. 
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Not all rational functions require the use of partial fractions: 

 

 

 ∫
𝑥+3

𝑥2+4
𝑑𝑥 = ∫

𝑥

𝑥2+4
𝑑𝑥 + ∫

3

𝑥2+4
𝑑𝑥  

 

∫
𝑥

𝑥2+4
𝑑𝑥        Let 𝑢 =so 

𝑑𝑢

𝑑𝑥
= 2𝑥 re-arranging gives 𝑑𝑥 =

𝑑𝑢

2𝑥
 

 

∫
𝑥

𝑥2 + 4
𝑑𝑥 = ∫

𝑥

𝑢
×

𝑑𝑢

2𝑥
=

1

2
∫

𝑑𝑢

𝑢
=

1

2
ln|𝑢| + 𝑐 =

1

2
ln|𝑥2 + 4 | + 𝑐 

 

 

∫
3

𝑥2 + 4
𝑑𝑥 = 3 ∫

1

𝑥2 + 22
𝑑𝑥 = 3 ×

1

2
tan−1 (

𝑥

2
) + 𝑐 

 

Thus:  ∫
𝑥

𝑥2+4
𝑑𝑥 + ∫

3

𝑥2+4
𝑑𝑥 =

1

2
ln|𝑥2 + 4 | +

3

2
tan−1 (

𝑥

2
) + 𝑐 

 

 

 

 

 

 

 

 

 

 

Useful Integrals: 

 

 Using the chain rule:  

𝑑

𝑑𝑥
[

1

2
(𝑓(𝑥))2] = 𝑓(𝑥) × 𝑓′(𝑥) so ∫[𝑓(𝑥)𝑓′(𝑥)]𝑑𝑥 =

1

2
(𝑓(𝑥))2 + 𝑐 

 

 

 

 Similarly:  

𝑑

𝑑𝑥
[ln|𝑓(𝑥)|] =

1

𝑓(𝑥)
× 𝑓′(𝑥) so ∫

𝑓′(𝑥)

𝑓(𝑥)
𝑑𝑥 = ln|𝑓(𝑥)| + 𝑐 

Split the 

fraction similar 

to Higher work 

Bk2 P64 Ex2   Q5(a) & (d) and Q6(a) & (d) 

P66 Ex3A Q3(a), (c) and (e) 

P67 Ex3B 1st column 


