Unit 1: Methods in Algebra and Calculus (H7X2 77) - Integration 2

Integration by Parts

Inverse of the product rule:

flx) =uv so f'(x) =uv+uw

% (uv) = u'v+uv'
Integrating both sides gives: f%(uv)dx = [u'vdx + [uv'dx
Simplifying gives: w = [u'vdx + [uv'dx

Re-arranging gives: [uw'vdx =uv — [uv'dx OR [wv'dx =uv — [v'vdx

O [xcosxdx Let u' = cosx so u' = —sinx

Let v=x sov' =1
[xcosxdx =xsinx — [sinx X 1dx = xsinx + cosx + ¢

This makes the second integration easier

(2] [(Bx + 2)e* dx Let ' =¢€* so u=¢e*

v=3x+2 sov' =3

[(3x + 2)e* dx = e*(3x + 2) — [ e* x 3dx - making 2" integral easier
ex(3x+2)—3Jexdx=ex(3x+2)—36x+c
=e*Bx+2-3)+C=e*Bx—1)+c¢

® [xsec’xdx

Let u' =sec’?x so u=tanx since sec’>x is hard to differentiate but easy to integrate

v=x sov =1

sin x

Jxsec?xdx =xtanx — [tanxdx = xtanx — [ ——

du . . . . .
Let u=cosx so Z—Z = —sinx so dx = —— i-e* integration by substitution
sin X

sin x du
xtanx — dx =xtanx — | — = xtanx — In|u| + ¢
CoS x u

= xtanx — In|cos x| + ¢
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(4] sin x In|cos x| dx Let u' =sinx so u = —cosx
J

1 .
v =In|cosx| so vV =——X —sinx = —tanx
COsSXx
J.sinxlnlcos x| dx = — cos x In|cos x| — f —cosx X —tanx dx
= —cos xIn|cos x| — f sinx dx == —cosxIn|cosx| + cosx + ¢
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Repeated Use & Cyclic Use of Integration by Parts

Certain functions require more than one application of Integration by Parts and others
can end up going round in circles. At unit level, you are only required to apply the formula
once. However, at assessment level you could be required to apply the formula more than
once:

(5 [ x? sinx dx Let v =sinx so u =—cosx

v=x% sov =2

[x?sinxdx = —x%cosx + 2 [ x cosx dx Let u' =cosx so u=sinx
v=x sov =1

fxz sinx dx = —x? cosx+231nx—2fsinxdx

= —x%cosx+2sinx+2cosx + ¢

You could also be required to solve a cyclic function i.e. one that doesn't simplify and
ends up back at the beginning:

® [e*sinxdx Let u' =e* so u=e*

v=sinx so v' = cosx

[e*sinxdx = e*sinx — [ e* cosxdx Let u' =e* so u=c¢e*
v=cosx so v’ = —sinx
[e*sinxdx = e¥sinx —e*cosx — [e*sinxdx - back where we started!|
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However, if we re-arrange the equation by collecting [ e* sinx dx terms we
get:

Zfexsinxdx = e¥sinx — e* cosx

1
fexsinxdx =§(exsinx—excosx) +c

Bk2 P71 ExBbA
Q1 - 1*' column

Q2aq, 29, 2f

Differential Equations - Variables Separable

Remember this type of question

from Higher Mathematics? : : . Max
Question Generic scheme lllustrative scheme mark
10. Given that 10. ! know to and integrate one term | 1 ez 26° ... 4
3,
d}" _6\'1 3x+4. and +' complete integration * eg ---—Ex‘—4x+c
dx o ,
+* substitute for x and y o 14=2(27 =2(2)° +
- y=14 when x = 2., y 14=2(2) 2{2] +4(2)+c
- PR ]
express y in terms of x. +* state equation o y=Ix -3% +dx—4 stated
explicitly

This is known as a Differential equation. They arise in modelling of physical situations
such as electric circuits and vibrating systems.
o 2x3-— %xz + 4x + ¢ is known as the GENERAL solution to the equation

o 2x3-— %xz + 4x — 4 is known as the PARTICULAR solution to the equation

Bk2 P74 Ex6
Q1 - 1¥" column

QZ2aq, 2c¢, 2e

At AH level the differential equation can be implicit Q3

and/or involve more variables e.g. x and y in the equation:

d
@  Find the general solution of the differential equation % =Y

d
Re-arranging to separate the variables gives: 73] = dx

d
Now integrate both sides wrt its own variable: f7y = [1.dx

Iny=x+c
Take exponential of both sides: elny = gx+c

y=e*xee
Since €€ is still a constant, we can simplify y = ke*
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d 3
® Find the general solution of the differential equation é =

J3y+1
1
Separating variables: [By +1)2dy = [ 3.dx
Integrating both sides: (32:)3 =3x+C
2

2 3
6(3y+ 1)2=3x+C
3
Make y the subject: By+1):z= ;(3x +C)

2
Square and Cube root both sides: 3y+1= §(3x +C)3

1,9 2
Bk2 P76 Ex7 A= 5(5 (Bx+C)3 — 1)
Qlaq, le, 2a, 2e

©® Find the general solution to the equation 2x+1) % = y?2

2= 2 S o+ 1] +c
y 2x+1 y 2

Re-write c as Ink :>_71 = %lnIZx +1|+Ink

1 1
=>— ==In|k(2x + 1)2
y 2

1

1
In [k(2x + 1)2

OO Find the particular solution o the equation x% —y2-1=0
Given that y =1whenx =1

d 1+y2 d dx
@_ Ty L, Y

dx x 1+y2 T g
f dy _ rdx

1+y2 x

da
Make =2 the subject:
dx

Integrate both sides:

tan"ly = In|x| + ¢
y = tan(In|x| + ¢)
1 =tan(In|1]| + ¢)

Bk2 P77 Ex8 -1 T
1=tan(c)=>c=tan" (1) =—
Q1 - 1" column (©) @ 4

Q2a, ba, 5b

y = tan (lnlxl + %)
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First Order Differential Equations
A first order linear differential equation is of the form: % + P(x)y = Q(x)

To solve a 1°" order differential equation we must:

1. Identify P(x) and Q(x) % + f—cy =x P(x) = % and Q(x) = x
2. Integrate P(x) f%dx = 2Inx =Inx?
3. Find the Integrating Factor (IF) el P)dx elnx® = x2

4. Multiply both sides by the IF - in this case x?

NB the LHS always ends up the exact 2 (ﬂ E > _ 2
differential of efp(x)dxy 2 dx + Xy X" XX
impli d .2 3
5. Simplify —(x°y) =x
dx
4
6. Integrate both sides x?y = [x3dx = xT +c
. x2  C
7. Make y the subject y== + =

OO Find the solution to the differential equation Z—z — 2xy = 3x

1. Identify P(x) and Q(x) P(x)=-2x and Q(x) =3x
2. Integrate P(x) [(=2x)dx = — x?
3. Find the Integrating Factor (IF) el PGdx e=*’

4. Multiply both sides by the IF - in this case x?

dx
5. Simplify % e ™'y) = 3xe™"
6. Integrate both sides e ™'y = [3xe ™ dx

du

[3xe~**dx = [3xe %  using the substitution u = x2 = & = 2x = dx = &
2x dx 2x

—3f Uy = —SeT 4= —Se P 4 C
—2 e u = 29 Cc = 2€
: —x2 3 _
7. Make y the subject e xy=_;e S,
= 3v L Lyt
y_ 2 e_XZ y_ e 2

5|Page



00 Solve the equation  x? Z—z —x3+xy=0

Must be in the form Z—z+P(x)y = Q(x) so + through by x?

dy 1
1 ax kT

1. P(x) = - and Q) =x
2. [ P(x)dx =f(l)dx =In|x|
3. (IF) efP(x)dx — elnx — x|
4. |x| (?+ ly) = |x| x x |x| appears on both sides so | | unnecessary

a — a2
5. — (xy) =x

3

6. xy = [ x?dx leading to xy="—+C

2

7.y ="+

B D)

06 Solve the equation xZ—Z —y = x? given that whenx =1,y =0

W T

dx x
. mm:-i and  Q(x) =x
_r(_1 _ _ a -1 _1pn |2
. fP(x)dx—f( x)dx— In|x| = In|x| —ln|x|

1

o (IF) ol Pedx — oIl -

(2_2)_
dx x

+ =(y)=t

. %=f1dx leading to

1

X

X

X x | | now unnecessary

I=

=x+4+C
X

e y=x?+0Cx

o Usingx=1,y=0wegetC =—150 y=x?—x

Particular Solution
Bk 3 P116 Ex2

General Solution
Bk 3 P114 Ex1

Q3 - 2™ column Qla, 1c & le
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Second Order Differential Equations - Homogeneous
A second order linear homogeneous differential equation is of the form:

d’y = dy
aﬁ+ba+cy—0

There are 3 types, one of which requires the use of complex numbers so you need
to know that:
e iisanumbersuchthati?=-1,ieC i’=-1=2i=/-1
e (s the set of Complex Numbers (similar to R is the set of Real Numbers)
e z denotes a complex number and is made up of two parts, a real part and an
imaginary part
e z=a+ biwherea=Re(z) and b = Im(z)

—b+Vb2—-4ac

2a

Remember the quadratic formula:

00O Solve the equation: z2—2z+5=0

2+
Cl=1,b=—2,C=5$Ob2_4aC=—16SOZ= —2 —

Bk2 P90 Ex1 2+ 4i
Q3 z > 1+2i
Type 1 - Real and distinct roots has general solution: y = AeP* + Be*
00O Solve the differential equation: % —52 4 6y=0
X dx
1. Create an AUXILIARY equation am?+bm+c=0
For the above example: m?2—5m+6=0

2. Solve the auxiliary equation: m = 2, m = 3

3. These roots are the p and g values for the general solution
y = Ae?* + Be3*

Type 2 - Real repeated roots has general solution: y = Aek* + Bxek*

@O Solve the differential equation: 9—d2y —62 4 y=0
q 2
dx dx

1. Auxiliary equation I9m2—6m+1=0

2. Solve the auxiliary equation: (3m — 1) = 0som = %

3. This root is the k value for the general solution
1 1 1

y = Ae3” + Bxe3” = e3* (4 + Bx)
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Type 3 - Complex (Non-Real) roots has general solution:

y = e"™*(Acossx + Bsinsx) where r = Re and s = Im

O® Find the particular solution to the differential equation:

d—y+4—+13y_0ifx=0andy=2when%=o

1. Auxiliary equation m?+4m+13=0

—4+y/-36 _ —4+6i .
2. Use the quadratic formula: m=— =— L= —2+43i

3. The general solutionis: y = e %*(A cos 3x + B sin 3x)
4. Substitute forxandy 0=e%Acos0+ Bsin0) gives A =2

5. Differentiate: % = —2e ?*(Acos3x + Bsin3x) + e ?*(—3A cos 3x + 3B sin 3x)

6. Substitute for x and j—z: 0=-24+3B=>0=-4+3B=8B =§

Particular solutionis y = e=%* (2 cos3x + %sin Sx)

OO0 Find the particular solution to the differential equation:

2—+7 —4y=0if x=0and y =1 when 2 =2

dx?

1. 2m?+7m—-4=0

2. (2m—1)(m+4)=0=>m=%or‘m=—4

1
3. y=Ae? + Be™¥

4. Substitute forxandy 1=4+B

1
X
5. Differentiate: % = %Ae2 — 4Be~ %

6. Substitute for x and Z—y: —A 4B = A == B = —1 by sim equations
x 3 3

. . 4 1 1 _
Particular solutionis y =-e?" — e b
Complex
Bk 3 P122 ExBA
Qlaq, 2a
Bk 3 P122 Ex5B

Real & Repeated
Bk 3 P120 Ex4
Qla, 2a

Real & Distinct
Bk 3 P119 Ex3

Qla, 2a Qla, 2
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Second Order Differential Equations - Non-Homogeneous
A second order linear homogeneous differential equation is of the form:

2
“% +b % + cy = Q(x) where Q(x) is a function of x

The solution is y = CF + PI where CF is the Complementary Function and PI is the Particular
Integral

Examples:
00 Solve%— 5%+6y =15x — 7
The CF is what we have been doing already: m?>—5m+6=0
This gives: (m=—2)(m-3)=0=>m=2,m=3 je 2 real roots
CF is therefore: y = Ae®* + Be3X

The RHS of the original equation Q(x) is linear (15x —7) so we use a

linear function as the PI: y=Cx+D
2
Now find Z—z and 3732’ then substitute these into the original equation to
L a @y _ @y cdy, e

find C and D: —=C and — =0 so for —=—5—+6y = 15x -7
This gives: 0—-5C+6(Cx+D)=15x—7

—5C +6Cx + 6D =15x —7
Equating co-efficients: 6C=15=C zg
Equating constants: —5C+6D=-7=>D = %
The PI is therefore: y = x+2

2 12

Giving a general solution of: y = Ae?* + Be3* + gx + %
Note:

e for Q(x) = ax®* + bx + ¢, use a PI of the form : y = Cx* + Dx + E
o for Q(x) = ae** use a PI of the form : y = Cekx

e for Q(x) = asinx &+ bcosx use aPI of the form: y = Csinx + Dcosx
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OO Find the particular solution to the equation % + 4y = 26e3*

T

given‘rha’ry=3whenx=0cmdy=1whenx=z

CF: m?2+4=0=>m=7F2i i.e. complex roots
y = e%(A cos 2x + B sin 2x) = A cos 2x + B sin 2x

PI: Q(x) =e3* so use y = Ce3*
2
D =3Ce*™ and 22 =9Ce™
dx dx?
2
so for: S+ 4y = 26e%* = 9Ce¥ +4Ce¥ = 26¢% =5 =2
General solution: y = Acos2x + Bsin 2x + 2e3*

Substitute y =3 and x = 0 3=Acos0+Bsin0+ 2e°=4=1

31 3T
Substitute y =1 and x :% 1= cos%+Bsin§+ 2es >B=1-2e+

3
Particular solution: y =cos2x + (1 — ZeT) sin 2x + 2e3*

Special Case for the PI (usually for exponentials):

When a PI (of the same format as Q(x)) has already
appeared in the CF then try xQ(x) or x2Q(x)e.g.

1. CFisy = Ae?* + Be3 and Q(x) = 2e3¥
Q(x) is an exponential so we try y = Ce3*
As Ce3* appears in the CF we try y = xCe3*
As y = xCe3* does not appear in the CF, it is okay fo use.

2. CFisy = Ae?* + Bxe3* and Q(x) = 3e%*
Q(x) is an exponential so we try y = Ce?*
As Ce?* appears in the CF we try y = xCe?**
As xCe?* appears in the CF we try y = x*Ce**
As y = x?Ce?* does not appear in the CF, it is okay to use.

3. CFisy = Ae? + Be3?* and Q(x) = 2e**
Q(x) is an exponential so we try y = Ce** (note different power)
As y = Ce** does not appear in the CF, it is okay to use.

PI form given PI form not given PI form not given
Bk 3 P124 Ex6 Bk 3 P126 Ex7A Bk 3 P127 Ex7A

Qla, c,e,i, 2,3a,c Qla
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