Unit 1: Methods in Algebra and Calculus (H7X2 77)

Differentiation 2 — Implicit and Parametric Functions, Logarithmic Differentiation

Explicit function: y is expressed explicitly as a function of x i.e. y is the subject of the
formulae.g.y =2x+3

Implicit function: y is not expressed explicitly as a function of x i.e. y is not the subject of
the formulae.g.y —2x =3

Examples: @  Given 3x2 + 7xy + 9y2 = 6, find Z—i

Differentiate both sides with respect to x
d(32+7 +92)—d(6)
dx - XTIV = x

L )+ L+ Loy = Le)
2 dx VYT VY T

d d
- 22y =
6x+7dx(xy)+9dx(y) 0

o The derivative of y is ‘C%

. a2y, N2 dy
e Use the chain rule for - (y*): — (y)* =2y X —

e Uuse the product rule for ;—x(xy) —u=x=>u"=1 v=y=>7v =%
d dy
a(xﬂ TARrT
This gives: 6x + 7 (y o xcdi—i) +9 (Zy %) =0
dy dy
6x + 7y + 7x—=+ 18y —= = 0
FEOT I T Y dx
dy g dy Y 6y —
Now make = the subject: 7x—+18y—=—6x -7y
dy dy
Take —. out as common factor: E(h +18y) = —6x — 7y

dy —6x-—7y
Bk2 P36 Ex4A Ix =
x 7x + 18y

Ql&3

NB - Can't differentiate y with respect o x if no x's in the function

a4, 42 9, 2 403 = 24y
dxy_dx' dxy _Zydx' dx4y 12}/ dx’ efc.

- Treat the y as a bracket, derivative of outside X inside
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Second derivative - f"'(x) or Ly

dx?

The 2" derivative of a function can be used to determine the nature of an SP

without the need for a Nature Table:

2 2
In general: d—’z' > 0 then min TP d—Z < 0 then max TP
dx dx

d?y ..
— =0 then PT but is it LGT or 7*-1 ??
X

®  Find the nature of the SPs for the curve y = 2x3 — 2x2 — 2x

Z—z=6x2—4x—2=2(3x+1)(x—1)=O S0SPs@x=—7orx =1
2 2
d_32’=12x_4 x=—lgivesd—¥=—8=>maxTP
dx 3 dx
=1gi dzy—B:, inTP
x =1 gives ke min

Second derivative of Implicit Functions

2
® Find Z—Z and % in ferms of x and y only for x% + 2xy = 1

Differentiate both sides: :—x (x? + 2xy) = % (1)

dy
2x+2<x—+y>=0

dx
dy
2x+2xa+2y=0
Zx%z—Zx—Zy
dy —x-—y
dx  x

Use the quotient rule and substitute for Z—i where needed:

i @y _ Lo xty_y
Uu=—-Xx—-y=u = 1 dr 1+x_x
V=X >v' =1
P38 Ex5
st '
Q1’13C5°|‘;m; dzy_uv—uv'_%x_(_x_w_y+x+3’_23’+x
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Using the Logarithmic Function in Differentiation

@ Find 2 if y=4

Take In  of both sides: Iny = In4*
Iny =xIn4
Differentiate both sides: di(ln y) = di (xIn4)
X X
1dy
=2 = In4
ydx 5
dy S 4y _
Make - the subject: = yln4
| dy x
Substitute for y: . 4% In 4
X

— % Find &
® y=x*Find =
Iny =Inx* so Iny=xInx u=x=u =1

1
v=lhx=>v =-
x

1dy _ dy _ W _ o x
o =Inx+1 so dx—y(lnx+1) so —=x"(Inx+1)
2 /7%x=3
(6] Find Z—z if y="1 113; > [would normally need product/quotient rule]
2 7%
Iny = 1n (53-)

Iny = In(x?) + ln(\/ 7x — 3) —In(1 + x)

1
Iny = 2In(x) +Eln(7x —3)—In(1+x)

1dy 2 1 1

——— =L X X7 —
ydx x 2 7x-—3 1+x
ldy 2 7 1

—— =4 _
ydx x 2(7x—-3) 1+«x
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1dy 2x2(7x—-3)(1+x)+7x(1+x)—2x(7x —3)
ydx 2x(7x —3)(1 + x)

1dy 4(7x* +4x —3) + 7x + 7x* — 14x* + 6x
ydx 2x(7x —3)(1 + x)

1dy g 21x% +29x — 12
ydx 2x(7x —3)(1 + x)

dy 21x2% +29x — 12

dx yx 2x(7x — 3)(1 + x)

1
dy x?(7x—3)2 21x%?+29x — 12
- = X

dx 1+4+x 2x(7x —3)(1 + x)

dy x 21x?% 4+ 29x — 12
- X
dx 1+x

27x — 3)2(1 + x)

dy x(21x* +29x —12)
dx

E P40 Ex6
2(7x —3)2(1 + x)? Q142 1% column

Q3,4,5,8
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Parametric Equations

We are most familiar with Cartesian equations
where x and y are linked e.q. y = x* + 4
Sometimes it is more convenient to involve a third
variable, t or s or 6, and express both x and y in
terms of this variable.

Equations x = x(t) andy = y(t) are referred to as
parametric equations and t is referred to as the

parameter.

| x=3+3cost,y=5+3sint

We can convert from parametric equations to Cartesian (or rectangular) equations
by eliminating t, s or 6.

This equation is called the corresponding constraint equation

@ x-2t-1and y=1-¢

+1
Change the subject of one equation tot: 2t=x+1=>t= xT

; : . x+1) 2 x?+2x+1
Substitute for t in the other equation: y=1- (T) =1- ”

Tid 4 42+l 4—xP42x+1  3-xP42x
idy up: =-— = —
4 up =4 4 4 4

4y =3 — x%? + 2x

(8 X = 2sin 26 and Yy = cos0

Square and add to eliminate sin/cos: x? + y? = sin? 20 + cos® 6

x? + y* = (2sin 6 cos 8)% + cos? 6

52 y2 = 4 sin® 0 cos® 0 + cos? @

x% +y* = 4(1 — cos? 0) cos? 6 + cos? 6
Since y = cos 6 then x2 =401 —yH)y? +y* — y?

x2 = 4y? — 4y

P42 Ex7A

All
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1%t Derivative of Parametric Equations

We use the Chain Rule to differentiate Parametric Equations:

dy dy _ dt where dt 1 i o invert dx + + dt
— =—=X— — == i.e. inve — et —
dx dt = dx dx % dt °9 dx

dy
® Find - when x = 4 + 4t and y = 3 — 3¢

X

ax_, a1 W_ g,
dt d 4 dt
d d dt 1 3t
_y _y I _6 X == ——
dx dt dx 4 2

OO Find a formula for the gradient of the tangent to the curve whose
points are given by x = a(t —sint) and y = a(1 — cost)

dx dt 1 dy .

— =a—acost=>—= — = asint

dt dx a—acost dt
dy dy dt 1 asint sin t
— =—X—=2asint X = =
dx dt dx a—acost a—acost 1—cost

OO Find the coordinates of the points on the curve, x = 1 — t2 and

y =t*+t at which the gradient = 2.

dx dt 1
Z =t —=—— L3241
dt dx 2t dt
d d dt 1 32+ 1
—yz—yx—:(3t2+1)x—_:_
dx dt dx 2t 2t
2
W 3T _o so  3t24+4t+1=0
dx 2t

Bt+D)(t+1)=0=>t=-1t=—=

Fort=—l thex:g andy:—ﬂ so (g _1_0)
3 9 27

Fort=—1 the x=0 and y = -2 so (0,-2)
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2"d Derivative of Parametric Equations:

. . d’y _d dy)_i(d_y) dt
We make use of the Chain Rule again: = (dx =—(=) x =

2
00 Find % when x = at? and y = 2at

d
& e L =L L P

dt dx 2at dat

dy dy dt 1 1

—_— =X — = X — = —

T
dzy_d(dy)xdt_d<1>xl_ 1><1— 1
dx?2  dt\dx) dx dt\t) 2at  t?  2at = 2at3

060 Find % when x = tan 6 and y = sin 26

ax _ .2 a0 _ 1 _ .2 ay _
2p = SecT 0> —=——=cos"0 1p — 2c0s26
dy dy do

= X — = X 2 — 2
dx o X dx 2c0s 28 x cos“ 6 = 2 cos 260 cos“ 0

d’y d (dy) y do
dx2  df

—|x—= i(2 cos 26 cos? ) X cos? @
dx/) dx dé

Using the product/chain rule:

dZ
d—x};= cos? 0 (—4sin 20 X cos? 6 + 2 cos 260 X 2 cos @ X —sin )

d?y

ke cos? 0 (—4sin 26 cos?  — 2 cos 26 sin 26)

d’y . ) )
—— = —25in 26 cos* 0 (2 cos” 6 + cos 26)
dx

dzy : 2 2 2
wz—ZstHcos 6 (2cos“ 0 +2cos“6 —1)

d2
—}2/ = —25sin 260 cos? 6 (4cos? 6 — 1) Bk 2 P44 Ex8A
dx Qlaq, 1d, 2a ,2d, 3,5
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Velocity and Acceleration for parametric functions (Motion in a plane):

inder: _as _av _as
Reminder: v=— and =—=_
F ric functions: | Speed = vl = (%) + (%)
or parametric functions: peed = |v| = [(Z — ‘

x'(t)<0 | x'(t)>0
y' (>0 | y'(®)>0

The direction is given by an angle: tan6 = z;gg 20 <0 | x@©>0 >
y' () <0 |y () <0

dt? dt? x11(t)

25\ 2 24\ 2 "
Acceleration = |a| = \/ (d x) + (d 4 ) tang =2 L) as above for direction

OO The motion of a particle is modelled by the equations x = 5t and
y = 5v3t — 5t2. x is the horizontal displacement, y is the vertical
displacement and t is the fime. Find the position and speed of the

particle as well as its direction of motion after 1 second.

Att=1 x=5x1=5 y=5/3x1—-5(1)2=5V3-5
Position is (5,5v/3 —5)

dx dy

e — =5V3-10¢
d
Att=1 d—’tc:s %=5\/§—10(1)=5\/§—10

dt

spst =1 - (&) () = Jir+ (53— 10) = 520

yr(1) _ 5vV3-10

Direction: tan@ = vl —0.2679

0 = 165°or 6 = 345°

Since x'(t) > 0and y'(t) < 0 then 8 = 345° is the direction

Bk2 P50 Ex1
Odd numbers
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