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1 Introduction and Revision

Integration is the inverse process to differentiation. Integration can be
used to find the area under a curve. Some basic differentiation rules

fru - Eive
/f<m>+bg<m>dx ~ [s@is+ [y
/af(:z:)dx = /af(:z:)da:+/cf(:c)d:r:

Example 1. Find [ cos (7 — x)dx given that the integral passes through
(0, 1).

Process

[ cos(m — x)dx
, d
= sin(r —x)+ dx(ﬂ—a:)—FC

— SH1(7T—1_)_|_C’

= —sin(r—z)+C
At (0,1), substitue in x = 0 and this can be evaluated to give:
—sin(r—0)+C =1
—sinmt + C
C =1

I
—_

Hence

—

cos (m — x)dx
= —sin(mr—z)+1
= 1—sin(7m — )



Trig Identities

Using trigonometric identities can help in finding integrals. Some use-
ful trig identities are shown in the table below:

sin’x + cos’z = 1
sin &
= tancx
COS T
sin (2x) = 2sinzcosx
cos(2z) = 1—2sin’z = sin’z = 5(1 — cos 2x)
1
cos (22) = 2cos’s — 1 = cos’x = 5(1 + cos 2z)

A list of some standard integrals is given on the formula sheet. Remem-
ber that the integral is the opposite of the derivative and so standard
integrals can be found from standard derivatives. . Some standard
integrals are listed for you below:

1
/x”dm = — "M
n-+1
1 . 1
/ﬁd:c = sin - +c

1 1

/ —— dr = —tan! z SR
a? + z2 a a

1
/sec2 (ax)dx = —tan(ax)+ C
1
/eaxdaz = —e"+C

1
/—dm = Injz|+C
i




2

Example 2. Integrate sin“ z with respect to x.

1
/sin2xd::f; = /ﬁ(l—cos2x)dm‘
1
= —/1—cos2xd:c
2

[x— sin2x] e

Process

N | —

2

1 1
= —x—Zsin2x+C’

\}

Example 3. Integrate
1

cos? x

with respect to .

Process Using the table of standard integrals on the formula sheet:

1
/ 5 dr = /secQ:cdx
Ccos?

= tanx +C

Example 4. Find

Process



2 Using Standard Results

Standard integrals are found from standard derivatives. The table
provided above gives some standard integrals that can be used. This
process is best demonstrated via examples:

Example 5. Find
|
——=dr
Bz +7)3

Process

/ﬁdaj - /(3$+7)—3dx

Bz +7)2 d
= — 'dx(3$+7)+c

Bz +T7)?
- —2x3 c
— _—1+C
 6(3x +7)2

Example 6. Find [ o-dx.

Process



Example 7. Find [ 5e*dz.

Process

f 563:C+1dx

— 5/63x+1d5€

d
5edl + %(31: +1)+C

O 5041
— ¥ C
36 +

Standard Integrals and Trig. Functions
Example 8. Integrate [ sec?(4x + 1)dx.

Process

[ sec?(dx + 1)
tan (4dx + 1)

= T +C

1
= Ztan(4x+1)+0

Example 9. Integrate fog 1 — sin 2xdx.

Process

fog 1 — sin 2zdx
[ — COoS 2:6] i
_— :L' _——_—

2 0
K 1
= Z-i-écosZ] — [0—1—5(3080]




Example 10. Integrate fog sinz 4 sec? zdx.

Process

wly

sin 4 sec? xdx
|— cosz + tan x§

[— Ccos g + tan a [— cos 0 + tan 0]
(——+f) (=1+0)
—§+\/§+1

%+\/§



3 Integrals and Inverse Trig. functions

From the tables of standard derivatives, the inverse can be seen to give
the standard integrals which are inverse trig functions.

1
—dx
/ V1 — 22

1
J .
/\/&2—x2 ! a
1
/ dr = tan 'z +C

1+ z2
1 1
" dr = “tan'Z +C
a? 4+ z2 a a

Example 11. Fiind

Process



Example 12. Find
/ 10 J
——dx
V16 — 4922
Process
10 1
———dr = 10/—d37
/ V16 — 4922 V16 — 4922
1
= 10/ dx
49(30 — z?)
1
10/—dx
7\/ % — 22
1 1
e
(3)" -’
10
= —sin! <%> +C
7 7

10 7
= 7Siﬂ_1 (%) + C




4 Integration and Partial Fractions

It is not always straightforward to integrate an algebraic fraction, par-
ticularly with improper fractions. To overcome this, use algebraic di-
vision or partial fractions to rewrite in a form that can be integrated.

Example 13. Integrate with respect to z,

r+5
T+ 2

Process First use polynomial division to rewrite the fraction:

1
:1:—|—2) T+ 95
—x—2
3
Hence
x-|—5_ 3

_|_
T+ 2 T+ 2

/x+5d:z: = /1+ J dx
T+ 2 T+ 2

= z+3ln|z+2|+C

Now integrate:

Example 14. Find
dx

/x3—|—3x2—|—7

2 — 2x

Process First, as the fraction is improper, divide using polynomial
long division.

10



T +95
a? —2z) 2’ + 3a? +7
— 23 4 222
52
— 52% 4+ 10x
10x

Now integrate as follows:

/:z;3+3a:2+7
dx

2 — 21

10z
1

= /<x+5—|— Y >da:
xr— 2

2
- %+5x+101n\x—2|+c

Example 15. Integrate with respect to z,

3

(x4 1)(z +2)

Process This is a proper fraction as the degree of the numerator is
less than the degree of the denominator. First rewrite using partial
fractions. Let

x3 _A B

(x 4+ 1)(z+2) 33+1+33+2
Then, cross multiplying gives

* = (z+2)A+ (z+1)B

Whenr=-2,—-8=—-B=B=8 Whenx=-1,-1=1A= A=

11



Hence

3 -1 n 8
(z+D(x+2) z+1 x+2

/ A [ty
r = T
(x+1)(x+2) r+1 x4+2
= —Injz+1|+8nfz+2[+C

12



5 Integration by Substitution

Sometimes an integration can be made simpler by making a substitu-
tion that changes the variable. It is used when integrating composite
functions.

4

Example 16. Integrate 2°(22* — 3)* using the substitution u = 22* — 3.

Process Let u = 22* — 3. Then;

uw = 227 -3
du
— = 83
dx v
= du = 8x°dz
=d du
r = —
813
Hence, substututing in 22* — 3 = v and dx = %.

/x3(2x4 — 3)dx

13



Example 17. Find the integral [ cos®z sinzdz using the substitution

U = COS .
Process
U = COSX
du _
— = —sinx
dx
du = —sinxdx
—du
= dr = —
sin
Now subsitute u = cosz and dx = %
/ cos® x sin zdx

= u’sinr.—
S x

= —/u3du

1
= Zu4—|-0

1 4
= = +C
COS T

14



Definite Integrals

When using substitution to find a definite integral, it is important to
remember to change the limits of the integral.

Example 18. Using the substitution u = 2% 4 4z, find

1
/ (22 + 4) (2% + 42)°dx
0
Process
u = x°+4x
du
— = 2 4
. T+

du = (2x+4)dx

When £ =0, u =0 and when z = 1, u = 5. Hence,
1
/ (22 + 4)(2* + 42)°dw
0

_ /1(:52 +42)° (22 + 4)dx
0

15



Example 19. Using the substitution v = sin z, find f()% 10sin*  cos zdx.

Process
u = sinx
du
— = COSZ
dx
du = cosxzdx

When z =0, u =0 and when z = %, u =sin

s
/ 10 sin® 2 cos zdx
0

= /2 10u*du
0

16



Choosing an appropriate substitution

If a substitution is obvious, it may be expected to be identified without
being expressly given. Look for functions that differentiate to give
other parts of the composite function.

Example 20. Find [(6z + 5)(32% 4 5z)5dz.

Process Notice that the derivative of 322 + 5z is 62 + 5. therefore, a
good choice for a substitution is v = 32? + 5x.

uw = 322+ 571
du

— =0 5%
I x4+

du = (6x+5)dx

Then, rearranging and substituting gives:
/(6$ + 5)(32% + 5x)%dx

= / (322 + 52)° x (62 4 5)dw

= /uﬁdu

1
= ?u7+0

1
= ?(3x2 +52)" + C.

(x +2)
/ (322 4+ 12z — 7)3dx

Process Noting that the derivative of 312+122—7 = 62+12 = 6(x+2),
an appropriate substitution is v = 322 + 12z — 7.

Example 21. Find

17



u = 322 +1220 -7

du

— =6 12
o r+

du

o Glrt2
- (z+2)
du = 6(x+ 2)dx
d

Fu = (x+2)dx

Rearranging and substituting gives:

(z+2)
/ (3x2 + 122 — 7)3d$

1
B /(3a:2—|—12x—7)3><

(x + 2)dx

= T2 ¢
1

T O TRBE2r12e-Te ©

18



6 Applications of Integration

6.1 Revision Area under a curve

The integral of a function can be used to find the area enclosed between
the function and the z-axis. Similarly, it can be used to find the are
between two curves by subtracting the integrals of two functions.

Area between curves

_ / (o) — go)de

—
g(x)
Example 22. Find the area enclosed by the curves y = 2% and y = 2z

between the points x =0 and x = 1.

Process Between x = 0 and x = 1, the line y = 2z lies above the
curve y = x2. Therefore;

fol 2 — x2dx
222 1 4]
2]
1
= (1-3)-(0-0)
2
3

19



6.2 Volumes - Rotation about the x-axis

If a curve is rotated around the x-axis, it makes a 3D solid. The volume
of this solid can be calculated by calculating the area of a circle with
radius equal to the distance from the z-axis to the curve and then
integrating this area between two given points.

Volume of revolution

\L:\ —/Wde:z:

Example 23. Find the volume of the solid obtained by rotating the
curve y = 22 + 2 through 360° about the z-axis between z = 1 and
T =2.

Process

/ (2% +2)?
= / (z* + 42 + 4)dx

2
= 77/ 2t + 42° + 4dx
1

Volume =

2

1 4 ]
= 7|z’ 4+ m+4a:
5 1
1 1 4
= 204 —23 1 4(2) ) — [ 21° + 213 + 4(1
w<5+ 1) - (3104 3140
203
= —T
15

20



6.3 Volume - Rotation about the y - axis

Similarly, if a curve or line is rotated around the y-axis, the volume
can be calculated by finding the area of the circle with radius equal to
the distance between the y-axis and a point on the line or curve and
then integrating . This is calculated using the following formula:

b
Volume = / mldy

-

where z is a function given in
terms of y.

~V

Example 24. Find the volume of the solid obtained by rotating the
curve y = x2 + 2 through 360° about the y-axis between z = 1 and
T =2.

V:/67r[ y—2}2dy y = 1°+2
k 6 =17 = y—2
:77/3y—2dy = = y—2
1, ‘
:W{§y —QyL When z = 1, y=3
157 When = 2, y=6
2

21



7 Integration by Parts

In differentiation, the product rule is used to differentiate a product of
functions when no obvious substitution can be used. When integrating
a product of functions, we use the process of integration by parts. With
this, a mixture of integration and can be used to evaluate the integral.
[t is possible to derive this formula from the product rule (see Leckie
and Leckie Textbook, page 84). The formula used for integration by

parts is:
d d
/uédm = Yy — /Uﬁdx
dv

where the function to be integrated is written as u:.

Example 25. Find the integral of 3x sin x.

Process
To use integration by parts, let Similarly, let
_ d
u = 3 Y _ sing
du dx
= — =3
dx =0v = /sinxd:c:—cos:c

Now, substitute into the formula for integration by parts to obtain:

/stinxda:
du
= — —d
uv /vdx T
= 3x(—cosz) — /(—cosa:) X 3dx

= —3xcosx—|—3/cosxd:z:
= —3xcosx+3sinx +C

22



Example 26. Evaluate f13 24 In zdz.

Process

To use integration by parts, let

U
du

:>_
dx

Similarly, let

= Inzx @ _ 4
B l dx o
X =0 = /

1
rdr = —x
5

5

Now, substitute into the formula for integration by parts to obtain:

/ 24 In xdx

du
= — —d
uv /vdx T
1 1 -1
= lnx.5x5—/5x5;da:
51 5
_ T n:c_l/x_dx
5 5 T
] 1
_ x5nx_g/x4dx
z°Inx 1 .
= - — C
52t T

Now, evaluating the integral for the limits 1 and 3 gives:

3
/ 2 1In zdx
1

3

(2°Inx 1 .

S —
5 25,
(P31 og) [l 1
5 25 5 25
43.71

23
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Integration by Parts - Using the process twice

Sometimes the process of integrating by parts must be applied multiple
times in order to obtain the derivative.

Example 27. Find [ z?sinzdz.

Process Start the process of integrating by parts.

dv _
— = sinz
dx
u = 2’ )
du Vo= sinxdr = —cosx
= 2

dx

Now, using integration by parts:

/x2 sin xdx
du
= — —d
uv /de T
= 2%(—cosz) — /(— cos ) X 2xdx

= —a:2cosx+2/a:cosxdx

Notice that the integral that remains is still a product of functions
and so integration by parts must be applied again to the integral
[z cosxdx. In this case, let the substitutions be:

dv

— = COSX

dx
u = T .
du Vo= /Cosxda::smx
- -1

24



Using integration by parts for the second time gives:

/ 22 sin zdx
du

= —z%cosz +2 uv—/v—dx]
dx

— —2%cosx +2 xsinx—/sinxdm]

— —2%cosx + 2rsinx + 2cos xdx + C

Example 28.

25



