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Further Differential Equations
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Find the particular solution of the differential equation
ay
dx?

(1)

4@+4y=6e2-*
dx

given y =4 andd—y=7whenx=0.

dx
Answer:
Generic scheme lllustrative scheme L
mark
*' solve auxiliary equation ol m=2 twice 10
#! state complementary function ol y= Ae™ + Bxe™

. A 3 ) ..2"'
«} state form of particular integral |* V =(x’e

dy

o find first derivative of particular | * F_ =2Cx"e™ +2Cxe™
integral ax
dy
. . . 5 s 1 Ix 2z 1z
+* find second derivative R 4Cx"e" +8Cxe” +2Ce
¢ determine coefficient of ot (=3
particular integral
: - 1x i 2 2x
« state general solution o y=de” +Bxe” +3x e

«f find derivative of general solution | «*

ﬁ =2A4e™ + Be™ +2Bxe™ + 6™ +bxe™

dx
+* find one constant o Ad=4 or B=—1
+10 find second constant and state | e10 y =4¢?* — xe* 4 3x%™

particular solution
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(2) Find the particular solution of the differential equation
d*y
—+11—+28y =0
dx* g
: dy
given that y = 0 and d— =9, whenx=0.
X

Answers:

o’ state general solution

¢’ differentiate 2

¢ form equations and solve for a constant

¢’ find second constant and state
particular solution *

y=Ae* +Be™”
W 4det —7BeT
dx

stated or implied at *

A=3 or B=-3

J-" — 38—4.\‘ _33—?.\‘

Generic scheme Illustrative scheme Max
mark
o' solve auxiliary equation m=-4,-7 5
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(3)

(@) Use integration by parts to find j.xsin 3x dx.
(b) Hence find the particular solution of

d—y—zy:x3sin3x, x#0
dx x

given that x = when y =0.

Express your answer in the form y = f(x).

Answers:
(@ 1 i ; 1,2,3,4,6 1 _X
o start integration by parts "%>%° |e —3008336—...
1
2
o complete integration by parts * --'J_ECOS—?'X dx
1,2,3,4,6
;X :
o complete integration %346 © TT3e08 3x+ Thie 3x+c
(b) . . . J —gd:r
* identify integral form of ot gl ¥

integrating factor '?

o> determine integrating factor *¢ |* —

X
d(1 1 .
¢ begin solution o a[;y}:?(af sin3x) stated or
implied at o’
1 .
o’ rewrite as integral equation o/ 2 y= _f xsin3xdx
1 X 1.
o integrate *>° o —y=—"cos3x+_sin3x+c
X 3 9
9 T
o’ evaluate constant *&7:# © 773
10 x3 2 2

¥ . X
«'* form particular solution 678 ¢ y=Tgcos 3"*35“1 3x- 3
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(4)

given that y=7 and ay
dx

Find the particular solution of the differential equation

d’y  dy o
——6—+9y=8sinx+19cosx
dx dx

1

= — when x=0.

2

Answer:

' construct auxiliary

equation '*

" solve auxiliary

equation and state
_CF 23145679

! state PI

«' obtain first and

second derivatives
of Pl

»* substitute

«* derive equations

» obtain both
constants of Pl

«f differentiate

general  solution
5,6,7,9.10

«" determine first
constant of
general solution -8°

+'"determine second
constant and state

particular solution
3.7.9.10

o mt —6m+9=0

ol y=de” + Bre™

o p={sinx+ Dcosx

dy )
—J:Fcasx—ﬂsmx
dy
d'y .

o —— =_(Csinx—Dcosx
ax

—(sinx—Deosx
—6{(':::35 ¥—Dsin .‘r}

+‘}|{l'_'5in:r+ Deos :r] =fsinx+1%cosx

BC+6D=§

o —6C+8D=19

Jo=-L p=2
7

ﬂl'.

. . . ] .
o 2 Jde™ + Be'™ +38Bxe™ — —COSX - 2sinx

dx £

o’ A=50r B=-14

1 .
o!l y =5¢"" —14xe™ —sinx+ 2cosx

10
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(5) Solve the differential equation

2
9V 5D Loy=1252 1215
dx dx
given y=—6 and d—y=3, when x =0.
dx

Answer:

« ' state auxiliary equation '

«* solve auxiliary equation and
state complementary
function **

«* construct particular integral

«“ differentiate particular
integral

«° calculate one coefficient of
the particular integral

«° calculate remaining
coefficients

« differentiate general
solution

«" construct equations using
given conditions

«° Find one coefficient

« " Find other coefficient and
state particular solution

o' M 4S5m+6=0

m=-3 m=-2

ol y=Ade ™ 4+ Be ™

o y=Cx'+Dx+ E

-

Y e and LY 22c
i x”

=2

W D=_3F=1

Ix 3z 2
y=de  +Be” +2x —3x+1

. ?i =34 —2Be™ +4x -3

X

' A+B=-7 and 34+2B=-6
or equivalent

2 4=8 or B=-15

oWy =8 157 +2x —3x+1

10
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Solve the second order differential equation

(6)

d’y . dy 2
—+2—+10y =3¢~
dx? dx y=oe
d
given that when x =0, y = 1 and d—y = 0.
X
Answer:
I
d’y adv o 10
F"'EE'* 10y =3e o' correct auxillary
m +2m+10=0 equation.
24.f1- »
- - 41 4.1.10 =—1+3% " solves correctly’.
v=e"(Acos3x+Bsin3x) OR y=ae " +Be * dppropmake
complementary
function.
try y=_e" o' particular integral
Y 2Ce
dx
d’y "
—_— =4 ) . 1
dx” s for & and d—}
dx dx”
4Ce™ +4Ce™ +10Ce™ =3e™
C= 1 " for finding C

y=Ae " cosix+ Be "sinlt+le:' - )
§ ¢ combine CF and PI for

general solution”.

| 5
I=d+— , A==
p o g : o value of A.
@_ —de*cos3x—3de “sindx—Be “sin3x+ 38 “cos3x+ :ez‘
N § o' for differentiating
correctly”.
{J=—[.f1l—33+l. E—l=33. E=l
’ 3 6 3 f

. . 5 | R B 0 e
So particular solution is: y = =¢ “cos3x+—¢ "sindx+—¢ " value of B and
6 6 6 statement of final

ﬂJl':LWCTJ-
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(7) Find the solution y = f(x) to the differential equation

2
H d){?
4d Y 4
dx? dx " °
: , dy
given that y =4 and — = 3 when x = 0.
dx
Answer:
Expected Answer/s Max Additional Guidance
Mark
dm*—=4m+1=0 6 Correct auxihary
R f;*l:;ualiu:rn.L
(2m-1y =0

m=—

1
CF./GS.  y=Ae® +Bxe®

v=4whenx=0gives4=4.140,s0 4 =4

' = e tx
d;": lfil‘?: + Be* +lBJre'3
dx 2 2
4 =3 when x =0 gives
dx

3= 1 Ae" + Be" + 1 B.0g"
2 2

3=L4+B, sofB=1
2

1 1
SoP.S.is: p=4e? +xe?

Correct solution of
- .4
auxiliary equation.

Statement of general
solution/c ur}lgjlemenmry
function.™*™

Correct evaluation of
424

Correct differentiation of
G.S.*

Substitution to obtain B
and particular solution.*
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Solve the differential equation

(8)

d’y  d . y
—“; 62y 9y = 4¢> , given that y =1 and — = -1 when x = 0.
Answer:
o — G '? 1] o Correct auﬁilim}' equalion
(m=3r=10 {or L:L'ui':-'i-:l]:.'n'l}.'l
m=3
o Correct solution of
1 ) auxihary equation aad
CF. y=Ae” + Bre™ statement of
complimentary function.
PL Try v O™ . Fum:l.'l tl'::_lzrm of particular
' mitegral.”
dv o' Correct first derivative of
=2 + Ik e™ Pl
dx
||I:'I' . i : o e ] - g e s
Y 2™ + 860%™ +6Cxe™ +9Cr e . E'u-m.l.l F]llrf']_-" niiation of
I first denvative.

1 1 1 % = g~ “ 1 . £r
0™ 4 ECxe™ + 600%™ + Oyt . l'l"-ur L1.r.n:;tll.}'j_5uil1l}luun,_ﬁ
- Caoa L . expressions for bot

-ﬁ{ll’.‘w +3(x"e }+‘=hi.r e =4de derivatives.
Wel —de™ = "=2 »  For 1_:1.rn':.'1:LI:.-' solving to
abtan C.
G.8. y= Ae™ + Bre™ + Ir'e™ o Correct collation of above
answers (o obtain full
General Solution.®
% =34 + Be'™ + 3Bxe™ +dxe™ +bxe o’ Derivative of G.S.
£l
I ) -
i _ o Useofc.s to hind first
Whenx=0,y=1 A=1 constant correetly.
dy _
E__l —1=3+8=>8=-4 e''  Second constant.

PS. p= — dxe + 2™

. i
Slates solunon.
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1
(9) (a) Express > in partial fractions.

(x—1)(x +2)

(b) Obtain the general solution of the differential equation

dy x—1

(x—l)dx y = W

expressing your answer in the form y = f(x).

Answers:
1 A B C
= + +
x-DExx+2? x-1 x+2 (x+2)

1 =AGx+2P2+B(x—- D +2)+Cx—1)

(a)

x=1=4=1% 1
x=-2=C=-% 1

x=0=>1=4§-2B+t=B=-§ 1
| 1/ 1 | 3

Ca-DE+2? 9r—1 x+2 (x+27

dy o oox =1
®) (x - l)dx Y= (x + 2y

dy 1 1
dx Jr—l}_(x+2)2

1M |for rearranging

Integrating factor: exp (f —;l—,dx) 1
=exp(-In(x-1) = (x - I)! 1
L dy 1 I

(x— I)E_ (x - 1)3}: (x —1)(x + 27

AR
dx\x—=1/ (x-=1D(x+2)
=l[ 13 ) .
9lx -1 x+2 (x+2)
LA l(lnl_vc -1]|=Inlx+2] +i) +c¢ 1 [constant of integration needed.
x-1 9 x+2
x-1 '

3 .
j)+c(x—l} 1

X+ <

_x—l(l |Jc—1|+ 3 )+ 1
S a o sy ) RCLC )

y= Infx-1|=Inx+2|+
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(10) Find the general solution of the differential equation

3 dy 1
Find the particular solution for which y =— 2 and — = — when x = 0.

dx

Answer:

Auxiliary equation
m=-m=2 =10 1
(m - 2Y(m + 1) =
m= -1or2 1
Complementary function is: y = de™™ + Be™ 1

The particular integral has the formy = Ce* + D 1
dy

y=0C+D=— = (¢
fa’x1
9 _ ce 1
dx-

Hence we need:

d* dy

—{——}—z;-—e‘+1z

dx-

[Ce] - [f"ﬁf]—'«"[("e"+ﬂ] e+ 12

20" -2D=¢"+ 12 1

Hence C = —+and D = -6.
So the General Solution 1s
y = de™ + Be™ - " - 6. 1

x =0andy = —+=
A+B-4-6=-3

x = 0Oand 5{- =i 1 Setting up the equations

P =1
BB-T=-1=2B=2=4=73 1
So the particular solution 1s
y =3t + 27 - L&' - 6. 1
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Obtain the general solution of the equation

(11)

2
d Y 4
dx” dx

dv
Y L5y =0.

. . . T
Hence obtain the solution for which y =3 when x =0 and y = ¢ when x = 5

Answer:
d’y dy
- 4—= + 5y = ()
dx? " dx T
m>+4m + 5= 10
(m + 2 = -1
m= -2 +1i

The general solution is

y = e ¥(4 cosx + Bsinx)

x=0y=3=3=4
x=%y=e" = e7=e"(3cos%+ Bsin¥)
= B=1

The particular solution is:
-2x .
y = e (3 cosx + sinx).

appropriate CF

for accuracy




Source: 2009 Q15 AH Maths

(a) Solve the differential equation
(12)
dy _ 4
(x+1D)—=-3y=(x+1)
dx
given that y = 16 when x = 1, expressing the answer in the form y = f(x).
(b)) Hence find the area enclosed by the graphs of y = f(x), v = (1 — x)* and the
X-axis.
Answers:

dv
(2) (x + 1)—} -3y =@+ 1
dx
dy 3 3
- _ ) = 1 1
dx x+ 17 r+ 1)
Integrating factor:
-3
i dy = =31 + 1). 1
smccjx T 1 X n(x )
Hence the integrating factor is (x + 1)7. 1
1 dy 3
- - = 1 1
x + DPdx  (x + )P
d 3
—lx+ 1)y =1
— (& + 17y)
y
— = |1 d 1
x + 1) [1ax
=x+c
y = l6whenx = 1,502 = 1 + ¢ = ¢ = 1. Hence
y=(x+ 1) 1
(b) @+ D'=(01-x
x+l=1-x=>x=20 1
orx + | = =1 + x which has no solutions.

N 4

4 ! 4
fl(x+l)dx+_[ﬂ(1—x)dx M1

Area

zfl(x+ 1) dx 1

0
-1 =

2 s 2 2
= 1 Z-0=2=2 1
5[oc+ )] : :
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(13) Obtain the general solution of the differential equation

d’y _ ,dy )
- 3— + 2y = 2x".
dx? dx ) X
Given that y = 31 and % =1, when x = 0, find the particular solution.
X
Answer:

dy dy
LY _ 32 g - 2y
dx- dx ”

m —3m+2=0
(m—1)y(m—-2) =10
m=lorm=2
Complementary function: y = Ae* + Be™

For particular integral try y = ax> + bx + ¢
= ay = 2ax + b; 4y = 2a
dx dx’

Hence require
2a - 3(2:11' + h) — 2((11'2 + bx +¢) = 2x°

2ax’ + (—=6a + 2b)x + (2a — 3b + 2¢) = 2

E
= =1:b=3¢c ==
a . C 5

General solution is: y = 4e* + Be™ + x + 3x + %

Whenx = 0,y = $and % = 1.
L=4+B+31=>4+B=-3
X = A+ 2B +2x+3 =1 =A+2B+3 = A +2B=-2

Particular solution 1s

y= 4" + e +x + 3x + %

1M
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(14) | , &y dy
Obtain the general solution of the equation —}+6—}+9y =¥,
dx* dx
Answer:
d’y  dy _
£ 162, 9y = ¢

dx? dx

Auxiliary equation: m*> + 6m + 9 = 0

Il
I
o

So(m + 3 =0 giving m
Complementary function:

y = (A+ Boe™
For the Particular Integral try y = ke*

= —= = 2ke™; — = 4ke™

dke™ + 12ke™ + Y%ke™ = ¢ = 25k = 1

Hence the General Solution 1s:

y = (A + Bx)e™ + ke
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(19)| Solve the differential equation

-

2, dv
—+2—+2y=0
dx” dx
. dy
given that when x=0, y=0 and —=2.
dx
Answer:
d*y dy
—= + 2=+ 2y =0
dx? dx )
A.E. m +2m+2 =0
2 +yE-3 |
m = 5 = -1 +1

General solution 1s
y = ¢ (A cosx + Bsinx)

y = 0whenx =0 =0=A

D _ _¢e"Bsinx + ¢ B cosx
dx
2=0+8B

The solutionis y = 2™ sinx.
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(16) d*y . dy
Obtain the general solution of the differential equation e d_+ 2y =20sinx
X X
Hence find the particular solution for which y =0 and j—} =0 when x=0.
X
Answer:
Let y = ¢™, then the auxiliary equations is
m-3m+2=0 1
(m=1m-2)=20
m=lorm =2 1
The Complementary Function is y = Ae" + Be™. 1
For the Particular Integral, try y = a sinx + b cosx. 1
dy i
— = acosx — b sinx
.:gx
dy .
— = —a sinx — b cosx
dx?
Substituting:
(—asinx — bcosx) = 3{acosx — bsinx) + 2(asinx + bcosx) = 20sinx 1
(—=a + 3b + 2a) sinx + (—b — 3a + 2b)cosx = 20sinx
a+3bh =20 -3a+b=0
a=2,b=0. 1
The general solution is
y = Ae* + Be™ + 2 sinx + 6 cosx 1

j—y=ﬂe"+lﬂeh+2m5x—ﬁsinx
X
y = Owhenx = O0soA+ B+ 6 = 0. 1

535 = Owhenx = O0soAd + 26+ 2 = (.
B=4 A=-10
The particular solution is

y = —10&" + 4¢™ + 2 sinx + 6 cosx.




