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Differential Equations
AH Maths Exam Questions

Source: 2019 Specimen P2 Q6 AH Maths — Same as 2017 Q9

(1) Solve ? = e (1+ yz) given that when x=0, y=1.
X

Express y in terms of x.

Answers:
. . 1 d_}, _ I.l'd
¢! separate variables and write . 22 € ax
down integral equation Y
o integrate LHS o2 tan”'y
. 3 1 2x
3 integrate RHS * o€ tc
) ) 4 T 1
+! evaluate constant of integration |®° ¢= 273
5 LR - 1 2x T 1
. expr’ess J-' n terms Of X .5 V= tan Ee -|-_—E
" 4
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(2) An electronic device contains a timer circuit that switches off when the voltage, V,
reaches a set value.
The rate of change of the voltage is given by
EK:kUZ—VL
dt

where k is a constant, ¢ is the time in seconds, and 0 < ' < 12,

Given that "= 2 when ¢ =0, express V in terms of k and ¢.

Answers:
1 . o
. ZZT,aart?;ﬁ ve:rlables and write integral o J‘121_ . a7 = Ikdf
o’ integrate LHS o —In(12-V)
o} integrate RHS 2 o kt+c
+* evaluate constant of integration ? ' ~In10
> express // intermsof k and ¢t %** o V=12-10¢"
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(3) A beaker of liquid was placed in a fridge.

The rate of cooling is given by

dT

Z=-k(T—TF), k>0,

liquid at time +.

* The constant temperature in the fridge is 4 °C.

* At 12 noon, the temperature of the liquid was 9-8 °C.

At what time, to the nearest minute, was the liquid placed in the fridge?

where T, is the constant temperature in the fridge and 7 is the temperature of the

* When first placed in the fridge, the temperature of the liquid was 25 °C.

* At 12:15pm, the temperature of the liquid had dropped to 6-5°C.

Answers:
Question Generic Scheme Illustrative Scheme Max
Mark
16. Method 1 - working in minutes 9

{(r=0 at noon)

1
. i i o' dl = | -k dt
Egg‘.?truct integral equation J (T-17,) j

«integrate ° o' In(T-T; )=kt +c

«° find constant, ¢ o In(9-8-4)=—k(0)+c
c=In5-8

" substitute using given *In(6-5-4)=-15k +In5-8

information *

In2-5=In5-8
«” find constant, k '5#’6:_—[5:{}-05610...

«*® substitute given condition **In(25-4)=-0-05610..1 +In5-8

«” know how to find time o7y In21-In3-8

~0-05610...
«? calculate time of (=-22.93 .
«? state the time to the «? The liquid was placed in the fridge

nearest minute ° at 11:37 (am)




Question

Generic Scheme

lllustrative Scheme

Max
Mark

Method 2 - working in minutes
(=0 when T=25)

«' construct integral equation

Hote 1

«Zintegrate 2

«* find constant, c.

«* substitute using given
information

5 Hobe 5

«° know to use +1

«* use given condition

Note &

«’ find constant, k

+? calculate time

«? state the time to the
nearest minute °

o J(T_'T)dh[—fcm

o In(T-T7.)=—kt+c

o' In(25-4)=—k(0)+c ,
c=In2l

«*In(9-8—4)=—k(t)+In21

«* appearance of (¢+15)

** In(6-5-4)=~k(t+15)+mIn21
-W:—-m[EJ:n-ﬂsmn...
5-8

\
o= In[;—l [+0-05610...=22-93

8)

«’ The liquid was placed in the fridge at
11:37 (am).
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(4)

Vegetation can be irrigated by putting a small hole in the bottom of a cylindrical

tank, so that the water leaks out slowly. Torricelli’s Law states that the rate of

change of volume, I, of water in the tank is proportional to the square root of the

hcight, fr, of the water above the hole.

This is given by the differential equation:

(a)

(b)

(¢)

(d)

dV _ _pJh. k> 0.
dt

For a cylindrical tank with constant cross-sectional area, A, show that the rate
of change of the height of the water in the tank is given by

dh _ —k

Initially, when the height of the water is 144 ¢cm, the rate at which the height is
changing 1s — 03 cm/hr.

2
By solving the differential equation in part (a), show that 4= [12 - %I] :

How many days will it take for the tank to empty?

Given that the tank has radius 20 em, find the rate at which the water was
being delivered to the vegetation (in cm”/hr) at the end of the fourth day.

Answers over the page




Question Expected Answer/s Max Additional Guidance
Mark
18| a Method 1 Method 2 2
I = Ah (here of below) V=Adh
dh dh dV . dl  d | o' (Ah) in brackets and/or
— = = or _=_{_4_.!’;} - ) .
dt  dV  di At de A following line needed
dV dh for Method 2, since
—=dA*. e kel = 4 taking 4 out as a
dh I P
constant necessary to
dh _1, 1llustrate understanding
dir A of validity of step.
1 3 Adh s
=—. ki » ——=—kxfh .
A J_ dt
—k dh -k s )
=7 h E=T *~ One or both of *lines
' ) needed for Method 1.
Method 3 Method 4
dV =ﬂ‘l dh o or ,F;:E o]
dt  dh dr A
d I/
dh 2 dh g 2
—kh=4— & = dt o
Vi dt dt 4
b dh =—0-3cm/hr when i =144 4
di
_ﬂj"_“ o smm%:-ﬂ-mnd
al
h =144, Award this
k1 < 4= A0k mark ifb-'ub‘b'[imtiﬂn
40 appears in part (d).
dh = -k h
dr A

2\:‘144 =c

2 I:—i:+24
A

Ji="Kiin2
24

;1_[i:+|2J
24

I:—[_—]:+I2
80

c=24

OR jﬁa‘h j—im

: - 3
o' sgparating variables”.

® integrating correctly.

" evaluating constant of

integration and
completion




Question Expected Answer/s Max Additional Guidance
Mark
18| ¢ 1 32 2 3
0= [—Er +1 2] ¢ knowing to set correct
expression to zero
—Lr +12=0
80
t =960 hours
number days = 260 =40 days " _ )
24 " Processing to obtain
number of days *
18| d A=400x 3

F_L

4 40 .

E=101 " for finding £.

h=[ =96+12 ]

=| =—.70

80 o'’ obtaining h or Vh

ar =—108x

dt

~. Rate to vegetation is 108z cm’ / hr

processing to answer
with interpretation.
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()

In an environment without enough resources to support a population greater than

1000, the population P(7) at time ¢ is governed by Verhurst’s law

dapP _
dt
Show that
l P
n—=+
1000- P
Hence show that
P(t)=

Given that P(0) = 200, determine at what time ¢, P(¢) = 900.

P(1000 - P).

=1000t+C

- -1000
K+e !

for some constant C.

for some constant K.

Answers:
£=F{II}UD P)
dt
. dp
S0 [———==[d
-'P{umu-.ﬂ} Jat

1 A B

—— — e —
P(1000-P) P 1000-P

1 (1 1
— | —+————|aP=]di
lﬂﬂ'ﬂ{}’ IUDH—P] /

InP— In(1000- P)=1000 + ¢

P

In000-P

=1000¢ + ¢

P = Ke' m'“{u‘ﬁre’m K=¢ )
1000-P

Separates variables.’

Approprate form of
partial fractions.

Obtains correct values of
both 4 and B.

Integrates correctly,
including “+¢’.*

Accurately converts to
s do 1
exponential form.




(contimued)
P =1000Ke"™ — PEe"™,

P + PKe'"™ =1000Ke"™

1 U'[]UKE“”""

I} 1+ KEU.'U‘T
- 1000K 1000e”
= g- 1000t o o = 1000t | oo
1000K
Since P(0) = 200, 200=
1+ K

1
K=— (or0.25
y )
. 1000=0-25
Require 900= 0.754 ¢ 10000
275 + 90 Doy _ 250
Ell.l.llll =36

1000z = In36

1
1000

= In36

[or 0-003584 (4sf)]

)

10

Multiplies out fractions
and collects P terms.

Factonses and divides to
obtain required form.”

Equates and process to
obtain value of K.

Inserts value of K and
equates.

Solves to obtain value
for "
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(6) Given that y > —1 and x > —1, obtain the general solution of the differential
equation
dy
— =31+ y)V1+x
dx
expressing your answer in the form y = f(x).
Answer:
Method 1
a _ 3(1 + vyl + x
dx y
I 2 -3 J(l + _T}*dx M1 |separating variables
1 +y

3 for LHS

In(l +y) =201 + 0¥ + ¢ I [for LES

1 |for term inx

1l +y = exp(?(] - xji' - ::‘) 1 [for the constant
J»‘=exp(2[l +_T]§+E}— 1. 1

= A exp(?(] +xji'} - 1.

Method 2

dv
3T rxy = W+ x 1

dx
Integrating Factor

exp(—3 jmdx) = exp(-2(1 + x)*?) 1
£exp(-2(1 + 0™)) =
WT + x(exp(-2(1 + x)*?)) 1
ylexp(=2(1 + ™) =
—J (3T +3) exp(-2(1 + x)*?))dx
= —exp(-2(1 + ) + ¢ 1

y = -1+ cexp(2(1 + x)*?) 1
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(7) Given that

2 '.'dy_
et — =1
X € dx

and vy = 0 when x = 1, find y in terms of x.

Answer:
- '}dy
ex— =1
dx
\'d}" -2
e— =X
dx
Ie‘dy = _[x_zdx
¢ = x'+c
y = Owhenx = 1so
l==-14+4¢c=>¢=2
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(8) A garden centre advertises young plants to be used as hedging.

After planting, the growth G metres (ie the increase in height) after ¢ years is
modelled by the differential equation

dG _25k-G
dt 25

where k 1s a constant and G =0 when ¢t = 0.
(a) Express G in terms of ¢ and k.

(b) Given that a plant grows 0-6 metres by the end of 5 years, find the value of
k correct to 3 decimal places.

(¢)  On the plant labels it states that the expected growth after 10 years is
approximately 1 metre. Is this claim justified?

(d) Given that the initial height of the plants was 0-3m, what is the likely
long-term height of the plants?

Answers:
dG 25k - G
(a) =
dt 25
dG 1
[ (L 1
25k - G 25
!
- In(25% - G) = — + C 1
25
Whenrt = 0,G = 0,s0C = — In25 1
25k — G = 25ke™*
G = 25k (1 - ) 1
(b) Whent = 5,G = 0.6. Therefore
0.6 = 25k(1 - ¢*?) 1

k= 06/(25(1 = ¢%) = 0132
(¢c) Whent = 10

G = 33(1 - &™) 1
= 1.09
The claim seems to be justified, 1

(d) Ast — oo, G — 25 = 3.3 metres
so the limit 1s 3.6 metres. 1

[
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(9) The volume V{r)of a cell at time ¢ changes according to the law ff—L = V(]ﬂ— V] for 0<¥V <10
I

Show that Loln V—%ln{l{)—k’) =t+C for some constant C.

--lﬂelﬂr

+ elﬂr

Given that J(0)=35, show that I/ (¢) =

Obtain the limiting value of V() as t > .

Answers:
di = (10 = 1)
dVv
—_— = |14 1
II’[H} T 1
1 ;1 1
— | = iV =|1d 2
07 T T0o-r° [rar
1
E[InI’ ~In(l0 - ) =t + C 1
1 o )
— IV - —mh(l0-V)=t+C
10 10
F(0) = 5, so HIn5 -4mIn5 =0+ C
C =0 1
In¥ - In(10 = V) = 10t
oo
1 = 10t
"\To - :*J
Ir _ E"H]I
10 -V
o= 10 — pel®
V(1 + &™) = 10e™ 2E1
r ~ IGEWf
1+ el
10y
_ 10e" 10 .
| + Ew; EJW + |

— 10 asft — oo, 1




