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Methods of Proof
AH Maths Exam Questions

Source: 2019 Specimen P1 Q7 AH Maths — Same as 2018 Q12

(1) | Prove by induction that, for all positive integers 7,

n . 1 )
;3 125(3 —1).

Answer:
1 0 1 3
o' show true for n=1 o' LHS: 3" =1 RHS: E[3—1}=1
So true for n=1
ol assume (statement) true for ! Suitable statement and
n =k AND consider whether k 1
r-1 k
(statement) true forn=k+1 23 25(3 _1)
r=1
k+1
AND > 37'=_..
=1
¢} correct statement for sum to S l[3f~' _1].,. gl
(k+1) terms using inductive 2
hypothesis
. ot 3 3.& 1
«* combine terms in 3" 2% Ty
5 . . 5 1 {£+1)
o> express sum explicitly in terms . 5(3 —1)
O_f (k+1) or achieve stated If true for n=Fk then true
aim/goal for n=k+1. Also shown
AND communicate true for n=1 therefore, by
induction, true for all
positive integers n.




Source: 2019 Specimen P2 Q9 AH Maths — Same as 2016 Q10

2) For each of the following statements, decide whether it is true or false.
If true, give a proof; if false, give a counterexample.
A. If a positive integer p is prime, then so is 2p+1.

B. If a positive integer n has remainder 1 when divided by 3, then »* also has
remainder 1 when divided by 3.

Answers:
¢ ' give counterexample o' for example choose p=7 4
2(7)+1=15, which is not prime.
~ statement is false.
.Zsetupn .2H=3a+1,aEW
«3 consider expansion of n3 o3 n*=27a+27a" +9a+1

¢ 4 complete proof with conclusion o4 = 3(9a3 +94% +3a) +1 and

statement such as “so n°> has
remainder 1 when divided by 3 -
statement is true”.
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(3) Let n be a positive integer.

(@) Find a counterexample to show that the following statement is false.

n* +n+1is always a prime number.

(b) (i) Write down the contrapositive of:

If n? —2n +7 is even then n is odd.

(i) Use the contrapositive to prove that if n”> —2n+7 is even then n is odd.

Answers:
(a) o' state counterexample '? o' egwhen n=4, n* +n+1=21 1
which is not prime
(b) | (i) |e* write down contrapositive o2 If n is even then 72 —2n+7 is 1
statement %8 odd
(i1) | o write down appropriate form forn |e* n=2k, kN and 3

: 1,3,4,5,9
AND substitute (Zk)?' —2(2k)+7

o* show nf—2n+7 isodd "&7° ‘ eg 2(2!:2 —2k+3)+1 which is

odd since 2k —2k+3eN

¢’ communicate '3° > contrapositive statement is true
AND

therefore original statement is
true
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(4)

Prove by induction that

D rlr=(n+1)!-1 for all positive integers n.
r=1

Answer:
) , Max
Generic scheme lllustrative scheme
mark
show true when n=1 when n =1 5

assume (statement) true for
n =k AND consider whether

(statement) true for n=k+1 ?

state sum to (& +1) terms using
inductive hypothesis °

extract (k+1)! as common factor
3.5

express sum explicitly in terms
of (k+1)or achieve stated

aim/goal AND communicate *>°

LHS =1! x1=1 RHS =(1+1)!-1=1
so result is true when n=1.

suitable statement

k
AND > rlr=(k+1)!-1

r=1

AND ir!r:...

r=1

(k+1)!=1+(k+1)1(k+1)
(k+1)(k+2)-1

((k+1)+1)!-1

AND

If true for n =k then true for
n=k+1. Also shown true for

n =1 therefore, by induction,
true for all positive integers n .
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(5) | Prove directly that:

(@) the sum of any three consecutive integers is divisible by 3;

(b) any odd integer can be expressed as the sum of two consecutive integers.

Answers:
(a) o
.1
(b) o’

form the sum of three

consecutive integers %345

communication '

appropriate form for odd
number, decomposed into two
consecutive integers "%?

o {rf—1)+rf+{n +1)

o’ 3n which is divisible by 3

o 2+1=k+(k+1), keZ
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(6)

Let n be an integer.

Using proof by contrapositive, show that if n* is even, then n is even.

Answer:

Generic scheme lllustrative scheme Max
mark
' The contrapositive of the original 4

' write down contrapositive
statement %78

o’ write down appropriate form
forn >*7

o3 show n’is odd &7

¢! communicate

statement is :
If #is odd then n’is odd

o n=2k+1,keZ

o}y’ =2(2k2 +2k)+1 which is odd

«* contrapositive statement is true
therefore original statement is
true
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(7) | Prove by induction that

=

r(3r—1)= nz(n+1) , VneN.
r=1
Answer:
Generic Scheme lllustrative Scheme Max
Mark

' show true for n=1"

o2 assume true for n=k 2
AND consider n=k +1

o correct statement of sum to

(& +1) terms using inductive
hypothesis

«* express explicitly in terms of
(k+1) or achieve stated
aim/goal ** AND communicate

o LHS: 1(3-1)=2 RHS: I(1+1)=2

So true for n=1

o =k (k+1)+(k+1)(3k+2)

=(k+1)[ & +3k+2]
=(k+1)(k+1)(k+2)

o' =(k+1)"((k+1)+1) , thus if true

for n =k then true for n =k +1 but

since true for n =1 , then by
induction true for all n e
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(8) Prove that the difference between the squares of any two consecutive odd numbers

is divisible by 8.

Answer:

3 o' correct form for any
Let numbers be 2n—1,2n+ 1, n€E R two consecutive odd
numbers'~.
(2n+ l]2 —(2n- 1}2
= (4:13 +4n+ 1) - (44".-2 —4n+ 1) o’ correct expressions

squared out.

¢ multiple of 8 and

= 8n which is divisible by 8 vt e
communication.
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©)

1

2
Given A is the matrix (0 a}

prove by induction that

Answer:

2" a2"-1)
A" = ,n=1.
0 1
Expected Answer/s Max Additional Guidance
Mark
2 a2 -1)) 4
Forn= 1 RHS | al l'.
0 1)
(2 a I 1
= | ¢ Substituting n = 1.
L0 1)
- __1

LHS = 4 = 4=RHS.

Assume true for 5 = k.

2 g2 1))
A" = a ) J
Lo 1

Consider n= &+ 1.

[OR  A'AY

0 I

(2 a(2*+2* -1))
=

Lo 1

:,»: .:4{]IL 1r

= |

Lo |

Hence, if true tor g = &, then true foran = & + 1,

but since true for 7 = 1, then by induction true
for all positive integers n.

Ses note 5.

+ Inductive hypothesis
{must include “Assume
true for s = &7 or
equivalent phrase) and

- gkel 1S
expansion of. 4.

' Correct multiplication of

two matrices and
accurate mampulation of
indices and brackets.”

¢ Line * and statement of

result 10 terms of (& + 1)
ard valid statement of
conclusion.*®
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(10) Prove by induction that, for all positive integers n,

n
2(473 +3r7 + r) = n(n - 1)3
r=1
Answer:
Form=1
LHS R HS
[ . i ) 3
E{4J-"+3.l-' +.l-_:| nin+1)
: _:-1 F3+ =8 | x 2"- ] o Evaluation of both sides

independently to 8.°
= true for n=1

Assume true for n= &, )
i s a3 3 o Inductive hypothesis (must
Ylar 437 +r)=k(k+1) include “Assume true...” or

! equivalent |:I]1ral':1=-|:".|.hI

Consider n=§ + 1.

"f{‘“_; +3r° +.I‘]
=i

¢ i - 2
—E{4J-'+3r'+r]+4[.k+l] +3(k+1) +(k+1) o  Addition of (k + 1)th term.*
Fua]

—k{.t-+]]3 +4(k+1) +3 (k +1]: +(k+1)
3 3 o Use of inductive hypothesis
_["7 T l][k {"f T ]} _4{"" T ]} _3{'!" T ”"’ lJ and first step in

. . ' L&
factonsalion Process.

=(k+ 1)k (2 + 2+ 1)+ 4(k2 4 2k +1) 30k +1)41]
=(k+ D[ + 267 +k+ 4 48k +44 3k +3+1]

_“: + |I_.‘.‘ Y Bk +17k + H}  Processing and simphifving

to arrive at second factor.'
=(k+1)k+2)
=(k+1)k +1)+1)

Hence, if true for n = k. then true forn=k + 1, Statement of resull in terms

of (& + 1) and valid

but since true for i = 1, then by induction true ) )
statement of conclusion.

for all positive integers n.

LT
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(11)

Let n be a natural number.
For each of the following statements, decide whether it is true or false.
If true, give a proof; if false, give a counterexample.

A If n is a multiple of 9 then so is n°.
B If #* is a multiple of 9 then so is .
Answer:
A Suppose n = 9m for some natural number Generalisation, using
[positive integer], m. different letter.”°
Then n* = 81m? = 9(9m?) Correct multiplication and
9 extracted as a factor.
Hence n” is a multiple of 9, so A is true. Conclusion of proof and
state A true.’
B False. Accept any valid counterexample: Valid counterexample and
n=3,6,12,15,21 etc conclusion.’
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(a) Prove by induction that
(12) ’
(cos @+ isin )" = cosnf + i sin nf
for all integers n > 1.
1
cos%—kisin%
(b) Show that the real part of 5 Is zero.
cos%+isin%
Answers: (a) Forn = 1,the LHS=cos# + i sinf and
the RHS = cos @ + i sinf. Hence the
result is true forn = 1. 1
Assume the result 1s true forn = k£, 1e.
(cos@ + isinB) = cosk@ + isink®. 1 |working with n is penalised.
Now consider the case whenn = k + 1:
(cosf + isinB)*' =(cosd + i sinf)' (cos@ +isind) 1
= (cosk@ + isink6)(cos + i sin @) 1 |for applying the inductive
hypothesis
= (coskf cosf - sinkfl sinf) + i(sinkf cosh + coskf sinfl) 1 |multiplying and collectin
plying g
=cos(k+ 1)@ +isin(k+ 1)0
Thus, if the result 1s true for n = k the
result is true forn = k£ + 1.
Since it is true forn = 1, the result
is true foralln =2 1. 1
. 11 . .
cosZ + i sin& cosHZ + jsind&
(b) ( 18 — 13}4 = L8 — 18 1 [|using result from above
COS+r + [ SIN 3 COST + I sInj;
(cos %) g 3
_ cosH& +  sinilx y cos¥ — i sind |
cosF + i sing cosg — ising
cosiicos? +sintZsinZ
= - — + Imaginary term
cos“§ + sIn“§
( 11z :-'I) i . ; 1
= ¢cos|—— — —| + 1magin erm
18 9 ginaty
T .
= cosE + imaginary term
Thus the real part is zero as required. 1 |or equivalent
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(13)

Prove by induction that 8" + 3"~ 2 is divisible by 5 for all integers n 2 2.

Answer:

Forn = 2,8 +3°=64+1 = 65.
True whenn = 2.

Assume true for k, i.e. that 8% + 32 is divisible

by 5, 1.e. can be expressed as 5p for an integer p.

Now consider 8 *1 + 3!

_ 8 x 8F 4 3!

= 8 x (5p — 3k-2) + 3k~

= 40p — 3F72(8 — 3)

= 5(8p — 3*~?) which is divisible by 5.

So, since it 1s true for n = 2, 1t 1s true for all n > 2.

for the inductive hypothesis

for replacing 8
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(14) (a) Prove that the product of two odd integers is odd.

(b) Let p be an odd integer. Use the result of (a) to prove by induction that p”
i1s odd for all positive integers 7.

Answers:

(a) Write the odd integers as: 2n + 1
and 2m + 1 where n and m are integers. IM |for unconnected odd integers
Then

Cn+1)2m+1) =4nm+2n+2m+ 1
=22mm+n+m)+1 1 demonstrating clearly

which is odd.

(b) Letn = 1,p' = pwhichis givenasodd. 1
Assume p* is odd and consider p* * 1. IM

= g oxp 1

Since p is assumed to be odd and p is
odd, p* *! is the product of two odd for a valid explanation from a
integers 1s therefore odd. 1 previous correct argument
Thus p"*! is an odd integer for
all n 1f p is an odd integer.

Source: 2010 Q12 AH Maths

(1 5) Prove by contradiction that if x i1s an irrational number, then 2 + x 1s irrational.

Answer:

Assume 2 + x is rational 1

andlet2 + x = £ where p, q are integers. 1

So X = £ _ 2

! 2
iy 9 1 as a single fraction

Since p — 2q and g are integers, it follows

that x 1s rational. This is a contradiction. 1
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(16)| Prove by induction that, for all positive integers #,
i; -1
“r(r+1) n+1

Answer:

Whenn = 1,LHS =

n = 1.

Assume true for n

Considern = k + 1

k+1 1

>

o+

Thus, if true forn =

1)

1 1 . 1 1
=3 - E,RH’D— 1 - > > So true when
k 1
k, =
;.‘(J+1) k+ 1
i 1 N 1
Srr+ 1) (k+ Dk + 2)
1 1
- +
k + 1 (k + Dk + 2)
k+2-1 [ k+1

Tkt Dk+2)

(k+ 1)((k+ 1)+ 1)
1

S ((k+ 1)+ 1)
k, statement 1s true forn = k£ + 1, and, since true for
n = I,trueforalln = 1.
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(1 7) For each of tbe following statements, decide whether it i1s true or false and prove
your conclusion.
A For all natural numbers m, if m” is divisible by 4 then m is divisible by 4.
B The cube of any odd integer p plus the square of any even integer g is
always odd.
Answers:
(a) Counter example m = 2. 1.1
So statement 1s false.
(b) Let the numbers be 2n + 1 and 2m then 1M
2n + 1) + (Zm)2 = 87 + 120" + 6n + 1 + 4m? 1
= 2(4:’13 +6n° + 3n + 2mz) + 1 1

which 1s odd.
OR

Proving algebraically that either the cube of an odd number is odd or the
square of an even number is even.

Odd cubed 1s odd and even squared 1s even.

So the sum of them 1s odd.
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(18) Prove by induction that for a > 0,

(1+a)'21+na

for all positive integers n.

Answers:

Considern = I,LHS= (1 + a),RHS= 1 + asotrueforn = 1.

Assume that (1 + a)k =2 1+

(1 + a)

k+1

ka and consider (1 + a)

>

as required. So since true for n

1strue foralln = 1.

A‘+1.
1+ a)(l + af

(1 + a)(1 + ka)

1 +a+ ka + ka’

1+ (k + Da + ka*

1 + (k + Dasince ka” > 0

= 1, by mathematical induction statement

e ke




