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Distance Formula

Given any two distinct coordinate points we can join them by a straight line. Applying

Pythagoras’ Theorem, we can calculate the distance between the points (or the
length of the line).

Y

By Pythagoras’ Theorem,

AB ? AC? + BC?
(x —x1)* + (2 —y1)?

= V(02— %)% + (72 — ¥1)?

Introducing...... the distance formula

D= (x;—x1)% + (y2 — ¥1)?
Examples

SL-01 Calculate the distance between the points

@) (3, 6) and (2, 1) (b) (4, -7) and (3, 3).
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SL-02 Triangle PQR has vertices P(5,9),Q(2,3) and R(8,3). Show that the triangle is isosceles.
g = TG+ (@3 = (G0 dye JG-9)+ (-3
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SL-03 H (3,5),R(7,—7) and C(—15,— 1) are vertices of a triangle.
Show that triangle HRC is right angled and name the right angle.
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Midpoint formula

To calculate the midpoint of any line you add the x coordinates of the end points together and
divide by two. You do the same for the y coordinates.

. . X1tX2 Y1+ Y2
midpoint = R



Gradient of a Line

Gradient from Equation

The gradient of a line can be taken from the equation of that line. When the line is written in
the form of y = mx + ¢ then the gradient is the coefficient of x.

Example

SL-04 For each of the following, find the gradient of the lines

@ y=4x-2 (b)) y=5-x (c) 2y=5x+3
(d) 3y—6x=4 () 3x+4y-5=0 () y=5
@ met ) meol &) me3
4 wm= 7 (&) m=- ) m=o

Gradient from Two Points

The gradient of a line can be calculated if given two points by using

Y2 =M1
X2 — X,

m =

Example

SL-05 For each of the following, find the gradient of the lines

() (1,9)(4112) (a) (—i;ﬂ(;"!) (a) (3,-4)(41‘?)

Xo Yy Xq Yo XY X Yz XoYr X Y
M= Y- m= Y-, M= Y-,
Xy=% Xy-%, Xay-2%,
= -4
= 12-5 = 7 -kg) 7 -Fu
-2 2-C1) —3-3
= - = -1
7 =4 b
M



Gradient from the Angle the Line Makes with the x-axis

From the triangle on the right we can prove:

This results in m = tanf “m equals tan theta"

This is always the angle between the line and the positive direction of the x-axis (clockwise)
Examples

SL-06 What angle does a line passing through the points

(@) (9, 9)and (3, 7) (b) (0, 2) and (4, 14)

make with the positive x axis?

@ (4,4)(37) O (0,2)(% )

Wy Xy Wy Xy
M= Yam Yy M= Yo Y
-2, K-
= 14 = Lt
-9 !.r-o
- _1 = I_'l'_-
b b
_ _L = 3
3
M= Lo O t'v\--Jm\-.Oj
b= {w-\'[ |] b > tow ('3)
G

SL-07 Find the equation of the line passing through (1,2) at an angle of 135° with
the positive x axis.

m = tom O H_b:mcz-n)
= Lo 136 RERICE
= ~tan 45 T

— rxj:--:ur“s\




Perpendicular Lines

If two lines are perpendicular then they are at right angles to each other.

v

R(-2. 4) 4
If two lines with gradients m, and m, are perpendicular
thenm; x m, = —1 2
Conversely, I ] q 3
If m; x m, = —1 then the lines with gradients m; and m, are perpendicular.
Examples

SL-08 Given A(—2,12) and B(4,—6), find the equation of a line perpendicular to AB
passing through B.

w0 g ve m(se)
N2y

= -6-11 |j+é)’-'-_%(_x“'l+)
4 - 62)

CYPUN | N
hlj 3

b [33+1+\L}=O_\

-3

H

SL-09 The vertices of triangle PQR are P(0,1), Q(—6,3) and R(2,7).
Show that the triangle is right-angled.

Meg = =Y Mae= o= Moo ™ 2 Y
Ag =N, Ay —-ny Ao -
= 3_? = -)_3 < _r - 'I
T, 2-C0) 2-0
= 2 = _I:I'__ i {6
3 §
= - | = 1 = 3
'é 2
‘%x} =z -l SinCe Mpg* Mpp = -
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Equation of a Straight Line

We know the equation of a straight line can be written as
y=mx +c and

y—>b=mkx - a)
There is a third way of writing the equation of a straight line, called the general form. This
looks like

Ax + By + C = 0
We need to know all three forms to allow us to calculate points of intersection, perpendicular
gradients and other properties.

Examples

SL-10 Write y=§x—5 intheformAx + By + C = 0

y=5*-°
'53:’1.1-“0_

- 12 -}-'%5‘1’ IS =0

SL-11 Find the gradient of the line that is perpendicular to 4x + 5y + 13 = 0

br + 5yt 13 =92
53:-4‘)‘.-‘[3
= -4 13
9 g-" T
m=-4 m,xm, = —|
5
Twm-= 3

SL-12 Find the equation of the line that is perpendicular to x — 5y + 20 = 0 passing
through the point (12,-4).

x-53+1o=0 94-4:-5[1*113
x+20 5y gJ,q:-S.L*-LO
y= gx b y = -5x +5b
M, x my = —\



Point of Intersection

Where two lines (straight lines, curves, circles) cross over each other, the point is called a point

of intersection. At this point, the x value of both lines must be the same, as must the y values.
We have seen this before in simultaneous equations!

Examples

SL-13 Find the point of intersectionof y =2x—-1 andy = -3x+9
Pz 2x -1 = -3x 9

Cx 10 Y
L=1

W\
v

2(2)- poT (2,5)
=5
SL-14 Find the point of intersection of the line 3x + 5y + 5 = 0 and the line y = 2x + 12.

Ix v Sy + G = O Y= 2+ 12
5y> ~3a-§ by = 1ox + 6o
Pox Wx + bo= -3x- 56
32 = - 6S
x = ~5

Y - 2(_5)-} 11 HPOI‘ (-5,2) k
= %

SL-15 Find the equation of the line that is perpendicular to x — 5y + 20 = 0 passing
through the point (12,-4) and state the point of intersection.

)‘_—554. 120 = 0O 34-!{': -5(2"]1)
x+20 =5y g4q=-'5:r.+(:0
y = }_5;+l+ 9:-5’;4—5’&
M, x m, = =\
. 5] Po3 : Tysh = -9x +56
| L /) 5
x +20 = -25x 1t 280
Q_bgr_=260
-x:[D

[lo)&-L} Po1 (la,é)




Collinearity

If three (or more) points lie on the same lines they are said to be collinear.
To prove A, B and C are collinear we:

* Calculate myz and mg,

* If myp and mgcare equal then AB and BC are parallel

* If AB and BC are parallel AND share a common point (B) then A, B and C
must lie on the same straight line.

When proving collinearity we must state:

“Because myp = mp. then AB and BC are parallel and share a common point (B) so A, B and C
are collinear.”

Examples

SL-16 Prove that points A (1, 2) B (3, 6) and C (-4, -8) are collinear and find the ratio that A

splits BC.
P = B M= 272 Mpy= Mg, So RB 2 BC
Hy- A xqy- %, AB Be
N -5 -4 ARE PARAUEL , SKARZ fommon
’ 6_-? ) -4 -3 PoinT B, S0 CollINEAR
= b = -4
2 o]
= 9 =9

doo = 0= @0 A= | (3-c)s (-8
S [ R 'S ke - J (1) + (4)*
- [ - %
= 25 = Ws




Does a Point Lie on a Line?

The equation of a straight line is a relationship between x and y.

To prove a point lies on (or above or below) a line, substitute the x value of the point into the
equation of the line, and find the related y value.

Examples

SL-17 Prove that point A (2,3) lies on the line 3x + 2y — 12 = 0.
3(2)+ 2(3)- 12
> L+ & -2

= 0

ANswee = © So

PoINT LITS on
uneg

SL-18 Do points F (4,0) and G(—2,-2) lie above or below the line —2x + 5y + 3 = 07?

font F foiNt G
_z2 (%) ¥ 5(s) + 3 ~2-2) ¥ €D+ 3
= -8 + 0 +3 = 4 =43
= -5 =73

g
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Triangles

Medians

You should be familiar with the median of a data set being the middle piece of data. In a
triangle, the median is a line joining one vertex to the midpoint of the opposite side. A triangle
has three medians.

median

To find the equation of a median we:
= calculate the midpoint of the opposite side

calculate the gradient of the line between the midpoint and opposite corner
Calculate the equation of the line using the gradient and the coordinates of the midpoint.

Medians are concurrent, meaning all three medians meet at one single point called the centroid.

Examples

SL-19 Triangle QHF has vertices Q(-3, 5), H(-5, -2) and F(-7, 4). Find the equation of the median
from Q and the equation of the median which cuts QH.

MmediAN Flom & MEDIAN (VTS &H:

- =] 'l‘("] "'__ig?')
() a2 )
= (""J '3'.'
; ("QJ ])
m=5b-:l1 m = ka'_'jl
Jq- X, Xq - ¢
= 1-5 = h4- 2
-6-(-3) -7 -4)
= ti = %
-‘5 73—
= b = -5
3 o
b= m(x-a) lj"b=f\'\{)(-"1)
g*b‘=£;[x+3) y- 4= -5 (x+7)

3y-I5= Yo +12 65"2"1- z -Sa 3%

ij””'j_“ﬂ:vj F,Lu,“u:oq




SL-20 Past Paper: 2010 Paper 1

T'riangle ABC has vertices A(4, 0), Y
B(—4, 16) and C(18, 20), as shown

in the diagram opposite.

Medians AP and CR intersect at B
the point 'T'(6, 12).

(a) Find the equation of median BQ.
(b) Verify that T lies on BQ.

(¢) Find the ratio in which T divides BQ.

B e e
z (H,m) H'”""%("”l*)
- $0:=-2x—¥%
I'"]M= ’j-L*‘Jr EH ° * ___
Xy -k, {1;,,1}{}';1—11:‘1&
: le-1o
-4 -1
j (b)  2(6)+s5(12)-T2
T = 12 + 6o =1L
-1 = 0
5

lSo T LIES oM LING BQ‘

(e)

deﬁ = J ff"-r’.‘|~£.}1+[u-n}i P{T& \I (h-e)*+ [lo-1)*

= Jit"-lo_',l"|L F i)™ ,I &? *(‘1]1

11

= \1le =
= 2%
BT @ Ta

Uz + A
J L




Altitudes

The word altitude refers to the perpendicular height of an object. In triangles, an altitude is a
straight line from one vertex perpendicular to the opposite side. A triangle has three altitudes.

altitude

To find the equation of an altitude we:

= (Calculate the gradient of the opposite side
= Calculate the perpendicular gradient

Calculate the equation of the line using the gradient and the coordinates of the vertex.

Altitudes are concurrent, meaning all three altitudes meet at one single point called the
orthocentre.

Examples

SL-21 For vertices K(4,—7), H(5,—6) and C(3,1), find the equation of the altitude from C.

My = 1= ,j-\;=m(1-w)
Xq-x, g-;: ](I“S)
= -4-(-7) yo1c %3
-4 ; -
o y = x = 1
|
= -
mxm, = -|



SL-22 Past Paper: 2009 Paper 1

T'riangle PQR has vertex P on the
x-axis, as shown in the diagram.

Q and R are the points (4, 6) and (8, -2)

6x—7y+18
respectively.
The equation of PQ is 6x — 7y + 18 = 0. /%44
(a) State the coordinates of P. P

(b) Find the equation of the altitude of
the triangle from P.

(¢) The altitude from P meets the line
QR at 'T. Find the coordinates of T.

(a) P oLds on 3 AXS So Y=o (b))  Mge T Y2t myxom, = - |
2‘1‘1‘ MJ_: J—
bx - V(o)* 18 = O - g6 7
b t 1% =0 g -& 3—b‘-‘- m(x-m)
G = <17 =2 0= L[JL+3)
%="3 2“' ) 2
=T = | 1
IU '3
P(-?,o\
0 e o L

Lj-lo- M(Jc-a\

- 2(a-1) s
Y- b= -1xtg x5
9: -2+ |4 U:-:{ﬁ)’r\% j_(g)“)




Perpendicular Bisectors

A perpendicular bisector of a line is another line which cuts it in half at right angles. Note that
within a triangle, a perpendicular bisector will not necessarily pass through a vertex. A triangle
has three perpendicular bisectors.

perpendicular
bisector

To find the equation of a perpendicular bisector we:
= (Calculate the midpoint of the side
= (Calculate the gradient of the side
= Calculate the perpendicular gradient
= Calculate the equation of the line using the perpendicular gradient and the coordinates
of the midpoint.

Perpendicular bisectors are concurrent, meaning all three meet at one single point called the
circumcentre.

Examples

SL-23 For triangle GJK with vertices G(—2,—8), J (0,5) and K (1,2) find the equation of
the perpendicular bisector of side KG.

Mmp kg ('1L',4_t1>
(PMNTH) z *

Mee = 92 m, xmy = =l H_‘oimtx-u\
am %, M- y+ 3 “%‘.-,(’“%)
= 2 -(5)
l_:—('.-"LJ |0|j+‘1.'9:"5-"—“?3._
- oyr bo = ~bx -3
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SL-24 Past Paper: 2012 Paper 1

Find the

(a)

equation of £, the perpendicular bisector of the line
joming P(3,-3) to Q(-1, 9).
(b) Find the equation of £, which is parallel to PQ and passes through R(1, -2).
(¢) Find the point of intersection of f] and f:.
(d) Hence find the shortest distance between PQ and fz.
@) M g - (2 C—mﬂ)
(?Nﬂr A,) y R z
= (1,3) L
\
Mpa = Y =) My My =~ | y - b= m (x-n)
g my= 1 -3 = l(x-')
: 3-9 3 Y 3
3-C1) -9 -
) Iy~ 1
= -1 _
T x 43y~ 370
= -3
B) m=-3 ¢, : () -x+3y-% =7 .
- X+
y-b= m[x-ﬂ 3
19'4-2.:"3(7‘"3 S‘JL""j—‘l:o
Y+2 = -3x +3 3:"3""‘
13x+‘j’l=° 3‘3:‘%”3
A\ _P.EE X +% = -O%sc ¥ 3
D3 =-5
a=-1
( = I * -y )
d) J ch_—ac,] "'(lj‘l Yyr ) %7'3('%)'}]
1 2 g _ 2 = S
3 CERICEE) 2
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\
Y

Y

4
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Summary
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