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Completing the Square

Any quadratic function can be written in completed square form y = (x — a)? + b.

If there is no coefficient in front of x? then we complete following the rules set out at National
5. If there is a coefficient we must remove that as a common factor first before completing the
square.

Even x
x2 +8x +9
= (x+4)*+9-4°
= (x+4)?2-7
Odd x
x® + 5x—3

x? coefficient

2x% + 12x + 10
= 2[x? + 6x] + 10
2[(x +3)2-3%2]+10
2[(x +3)2-9] + 10
2(x+3)2-18+10
= 2(x+3)>-8

Examples

Write the following expressions in completed square form:

QP-01 @ x%2+6x+ 1 b) 2% — 2x + 11
(a) 2t F bx o+ | (b) wt-lx + |l
< (xe3) +1 -1 = (e ~1)" +0 -

s (x+3) -3 = (x-1)"+10



QP-02 @ x*+x+3 (b) x* —5x-1
Y] e+ (b) );,1'-';::.-|
2 1_ 1§
:(ﬁ-‘f-‘i)-l-s——lq 1(‘)(.—%) 1 -L—}"
= \ 1 | - . z_‘_ 9
(?Hi) +-I: (:' '{ 29
Qp-03 (@)  2x* +8x +3 (b) 3x* —6x +1 (c) 6 —x — 2x?
W 25" +%x + 3 ) 3t - bx 4| 6-x - 2yt
) 9—[7"14'1“"])“3 :SExlhz"]J’l = -t -x 4+ 6
- 1[(1+1)‘-ﬂ+3 = 3[(-1)- 1]+ - [ A ] + 6
- 11146
= 9 (xe1) —F #3 = 3 x-1) -3t 1 = <o (x+4) u,]+
= 9(xe2) - 5 = 3(x-1) -2 AR "

S

?—'}_(14-{_“) +1l_-_:



Sketching Quadratics

The graph of a quadratic function y = ax? + bx + c is a parabola.

If a > 0 the graph has a minimum turning point.
If a < 0 the graph has a maximum turning point.
To sketch a graph we need to know:

* Shape of the parabola

* Where it cuts the x-axis (roots)

* Where it cuts the y-axis

* Axis of symmetry (halfway between roots)
* Coordinates of the turning point

If we have a function in completed square form sketching, the graph is straight forward.

Fory = (x — a)2 + b

*

Turning point is (a, b)
* Axis of symmetry isx = a

Examples

QP-04 Sketch: (a)

(b)

y =(x+ 3)(x +5)

y = x? 4+ 4x — 12

() 9=2.1'+3z+1§

CuTs X AxiS Whenw Y =0 Axis of SYmmerRY

(x+3)(x+5) =0 -

x=-3 2:°%

~34(-9)_ _
= =t

CoTS Y AXS WhHEN X=0 TuRMING PonT

Y= (o) + 3(o) +1§
16 ld

U,) B=x"'+hx—|1
(e t6)(>-2)
CuTs x Axis whHew Y=o
(x+$)(x-1.)= 0
X=-4 w-Ll

Ax1S of SYmmETRM

b "6_+1 = -1
2

CUTS YAXNS WHEN X=0 TURMING  PoINT

y= ()4 ¢(o) -1

- -1 = -6

y = (u)*+ sky) s

y =(c2)*4 4[—1)—17-

\

5;{1 +‘5)(1+5)

15

'-‘:
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y: xabx-12
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QP-05 Using completed square form, find the equation of the axis of symmetry,
coordinates of the turning point and sketch the graph of:

(@) y = 2x%2 —8x + 9

(b) y =7 + 6x — x?

(a) 32‘ 22" - G+ 9 Axis 0F SYmmgTRY ] \j=7-7=1-3!+7

'-'2[1‘—4:.1-”1 )L_;Zz q\
= ?.[(ac—'z_}’-_q-:l + e pont —
= ?.(Jt-l) ¥+ (2,1) —

= 22 )+

(uT5 Y &axis whehN X2D

Ty slle)t- (o)

=
U)) lj= T4 br—x™ Axs ofF TWmETRY Y (\
T oAt lxn ] *iis (30)
T - (:).-.1-61;'.] +7] TerRMNE PoINT
1,106 vi
:d[("“’)l-11+7 (o) //\
- ( '5)1—'«—‘1 7 lots Yaxs WHEN X =7 / & \
2 - N
- 2 Y= +6(») - (o) .
- '(x—'s) +16 .S Y- STTI



Finding the Equation of a Quadratic from its Graph

To find the equation of a quadratic function from its graph we need to know:

*

The roots (where it cuts x-axis)
A single point on the curve

*

The general form of a quadratic in this case will look like

y = k(x — a)(x + b)

Examples
QP-06 Find the equations of the following parabolas
(a) (b)
(w1 Y-t
= ket )x+1) D y ke (21 )x-t)
- =l
Sub x:0 y=-I1 b 2= 0 Y
-1 = k[-[f)(t) hiﬁ-ﬂ[-h)
e o ")
k=3 .
5: 3[_xal+)(a=+l> \/ lj:(;r-— l)(l-' LI-)
[j= k(mdr\)(x—j)
Sub x =13 ‘d-'i
© 201, 18 (d) 3= L‘(Lﬂl"‘*)
I g = - lbk
k=-L
1 3,8
Y= kL)HlXJr--L) 0 - (n
sub = y=1% Y= '}b(x“)(,""')
5= k(3)(-3) 1,0] _?['ﬂl
£ -k
k=-1

5
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Solving Quadratic Inequalities

To solve a quadratic inequation we have to:

* Equate to zero

* Factorise

* Sketch the graph
* Write the solution

When ax? + bx + ¢ > 0 the solution is when the graph is above the x-axis.

When ax? + bx + ¢ < 0 the solution is when the graph is below the x-axis.

Examples
QP-07 Solve
@ x*+4x—-12>0 (b) X2 — 4x < 0
© 7+6x-x <0 @  5x - 102> 0
(a) 2t b - L >0 @Y x*=-l4x <« 0D
('X-’fé)(z--l)?v nc(%-h)‘o

RooTs: x =0 xX=>G

RooTs : w=-6 , x=2

" 1
SHAPE ¢ +x* paN TP Share :  +x MmN TP

W L-6 x7 2L

(c) T4 6 -x" <0 ld) Ty — 0% >0
(']._-x.)tl+1)<c’ E:L(1—‘l:«.)7°
RooTs * 2a=-1 2=7 RooTS © %20 X=45
SHAPE : -x* MAX TP ShAPe : -2t man TP




Tangents to Parabolas

To determine whether a straight line cuts, touches or does not touch a curve we substitute the
equation of the straight line into that of the curve. That will result in a quadratic equation,
then we use the discriminant to determine the number of points of intersection.

* If b2 — 4ac > 0 there are two points of intersection
If b2 — 4ac = 0 there is one point of contact - tangent
If b2 — 4ac < 0 there are no points of intersection

*

*

Examples
QP-08 State the number of points of intersection between the curve y = x? + 3x + 2
and
(@ y=x+3 b))y =x+ 2 c)y=x+1 dy=x-1
[ﬂ) wtrix+ 2 w4+ (b) 2PF I+ 22w e 2 (0) xt+ 342 5 a4l d) 2»*+3x+2 = x-|
2r ey -1=0 T+ = 0o 2y a4+ 130 *+ 2+ 3 =0
b2~ beac b ~leac bE - Loc b - lac
:1_1,(4\‘],“3) :')_"-_.(L’;xlxo) . 1‘—(‘%1::!) - 7_‘~(Qx1x‘5)
=l|--k-‘+) = k-0 = b -1
= 4 - -3
bt_uhb)o bt-4ar <0
S0 2 PoNTS So 2 Ponts S0 4 PoinT 0 No €onts
oF INTURSECTON OF INTERSECTION ¢ CoNTRCT oF INTERSECILON

—

QP-09 Prove that the line y = 2x — 1 is a tangent to the parabola y = x? and find the
point of intersection.

Xz 2x - | =22+l =p
W~k 4| =0 (=11 =@
x =)
L‘L_Ll-ac, ‘j:(‘q'l.
:[:L)L—-(Ll-xl\;!) = )
= L=y
= 0
l)l-llm.c =0
$5 1 fowt

of CONTRCT
(TAnGenT )

Poc [1,1)1




QP-10 Find the equation of the tangent to y = x? + 1 that has a gradient of 2.

=t ~mx + C for <aNGENT - loar =0
H J () —(bx ) s1-c)=e
xel = ek Ll.—'-t{“‘ff)’o
- =D
x*-Trxr)\-c =0 b - b+ &L
=0
L=

TRN GENT H:: 7 x \

QP-11 Find the equations of the tangents from (0, —2) to the curve y = 8x?
y = Px h= mx - 2 for. TANGeNT  bZ- LaC =D
t*m)"-—(h—x'{w?.):‘-o
$xt = -2 W — bh=0
- mx +Lz0 wm = b
m=t%

Thnce NTS 3=%x-'7—

9:-—‘5}[_-1_




Polynomial Basics

A polynomial is an expression with varying powers of the same variable.
The degree of a polynomial is the value of the highest power.
2x* — 3x3 + x? — 5 is a polynomial of degree 4
5a® — 4a’ + 3a? is a polynomial of degree 8

A root of a polynomial, f(x), is a value of x for which f(x) = 0

Examples
QP-12 State the degree of the following polynomials
(@ x°>+ 6x%2+x — 4 (b)3 + m — 2m® + m'?
) Oferee 5 (L) Decree ||
QP-13 Evaluate f(x) = x3 — 4x? + x + 6 and state if each value is a root or not.

C ) B S R T oy ) YA R (A R L T R TIRY-

= 0 = 6
% x=-| ts p RooT % x20 15 NeT A RadT
lc) HI)= 0)3 _ Lr(tYLi- (l\ + 6 (d) {_(,,_) = L’J-)% _ er‘«-(p.) +6
- L+ = 0
So XTL 15 NOT v RooT So =1 1 A RooT
@ 46)=0Y - W)« 3)«6
= {

So x=3 15 A RooT



Nested Form

A polynomial function that is arranged in descending powers can be expressed in nested form.
fx) =ax®+ bx?> + cx + d
= (ax®> + bx + c)x + d
= ((ax + b)x + c)x + d

This can be an easier way of evaluating a polynomial.

For example, if we use nested form to evaluate 3x3 + 7x? — 2x + 3 whenx = 4.

f(x)= 3x3 4+ 7x% — 2x + 3 f4) = (3 x4+ 74— 24+ 3
= Bx* +7x — 2)x + 3 = (19 X 4 — 2)4 + 3
= ((Bx + 7)x — 2)x + 3 =74 X4+ 3
= 299
We can make this easier by laying it out like this
x3 x? x
4 3 7 -2 3
Value to be + + | 12 + | 76 + 129
evaluated T i i
V3i— x4 T19— x4 ' 74— x4 |29
Examples
QP-14 Use nested form to evaluate following polynomials, for x = 2
(@ 2x3 + 6x% — x + 2 (b) 5x* — 2x2 + 5
x'-“ £ ¢ x? w-; e x c
» x B2 o -2 0 5
w 22 6 -1 L ( 5
" 20 3% (0 10 14 12
2 1o 11 Leo) 5 10 % 3 |77
QP-15 Use nested form to evaluate following polynomials, for x = —1

(@) 4x® — 6x% + 5x + 1 (b) 2x* + 3x3 — x2 + 3x + 5
(al (b)

-+l o o ~6 5 | 4] 3 38
L T T LA Y -2 -1 -8

y % % 10 15 %] r 1 s [2]




Synthetic Division

We can divide polynomials just like we can divide numbers.
For example, (x* + 4x + 3) /(x + 1) = x + 3

This obviously increases in difficulty as the degree of the polynomial increases but we can use
nested form to carry out the division. This is called synthetic division.

2

x x
-1 1 4 3
Value of + ;L_1 LLV'?’

factor f
V— x1 "3 — x17o0

Soif f(a) = 0 then (x — a) is a factor of f(x)
The bottom row of the table is the quotient, what is left when the division is complete.

We must include all powers of x, even if they are blank (we use a 0)

Examples
QP-16 Use synthetic division to state the quotient and remainder for the following:
@ @x*+6x2—x+2)/(x—-2)

(b)  (5x* — 2x% + 5)/(x + 3)

() -3)5 © -2 0 %
-1 45 429 157

g -15 43 -nq |31

T 3 1
1 QuoTienT = 5a’ —16x + 43 - 129
Tient = 2ok + 10 + 14
Qoomiew y REMBINDER = 291

REmPINDER = Yo _ | - o




QP-17

Use synthetic division to fully factorise the following:

(@) x3—2x* — x + 2if (x — 2) is a factor

(b)  x3 + 3x? — 13x — 15if (x + 1) is a factor

(@) W -] 1 3 -3 -
-1 -1 )

| 7 & 0
w
Rem=0 5o (x-2) 15 A FACR Rem20 o (xwt) 5 A FACT
x*+ 3t -1 15
12— Lxt - x + L

)Y xt- (e Y 2%+ 22 -157)
Ez-l)%xﬂ)l()x-l) (xet) 245 ) %-3)

1

"



Finding Factors of a Polynomial

If we are not given a factor of a polynomial, we have to find a factor by looking at the constant
in the polynomial.

For example, a® + 7a + 3 then the factor could be —1, 1, —3 or 3.

We need to evaluate the function for each of these values until we get a value of 0.

Examples
QP-18 Fully factorise:
@ x*-x*-x+1 (b) x3—7x —6
() x* —13x — 12 (d) x* + 5x3 + 2x? — 8«
YR I B R B W 3] o =7 -6
I o -~ 3 9 6

1 o -1 o] A

fom =0 So (x- 1) 15 & Fhcror €Em = 0 SO (7“3) s b Facole

Iy P A
= (x-'SXJ'-li-gx-*l)
= (x-3)(x -H.)(.)u-i)

13- )t"-)n + |

(7&-\)(}:.1'- 1)

U-l)(n-t)@ul)
(s 2 r5yda 25t Fa

| o -13 ~|v
9 |'+ -l‘f :1{1’?1;11“'2?&_?)

| 2 -4 £Y)] -1 |

2

@ 2

v o1 ¥

EEM —#0 SDQ-'L) lS D\,T
A FacoL

-1y e -3 -2
| { (N
-1 -1 0 (

Bem 20 4o (Jt+|) 15 A FAcTOR

x,s -1%3x -0

= (x +I)( x - J'--l'l)
- ()H—I)LJL- 11-)()03)

-1 -k $

| 3 - MJ

Rem=z 0 so (x+Z) \s & Fromit

A S U Y
= x(xfl)( x* 4 Ex-q)
= o (ner) x sy )(x-1)



Finding Unknown Coefficients of a Polynomial

We can use synthetic division to calculate an unknown coefficient in a polynomial.

Remember for factors, the remainder equals zero.

Examples

QP-19 Determine the value of the unknown coefficients:
(@) 2x* + 6x3 + px? + 4x — 15 if (x + 3)is a factor.
(b)  2x* — x3 + mx — 6 if (2x — 1) is a factor.

() x*+ ax® — x?> + bx — 8 if (x —2)and (x + 4) are factors.

(a) -3] 2 ¢ p 4 |5 \b) sl -\ 0 m -b
-L 0 3p e J o 0 bm
2 0 p ek 3 | L0 0 m limb
qp+3=0 Lwm—4 =0
@%-=-3 1
- -l {m=@
e m=12
() | v a -l b - %

7 la+G  acb %at2bt|L
NCRETTRRVTS PRSTONY L

-

-l J a ~1 b - %
4 -batle lba-bo  —Gha-hb+2o

1 a-b  -Ya+ls  lbatb-60 ( “64a-%+131‘ s o

B+ b = b —0 @ Su a= & @l @)

“bha - bb --232 —C S5+ 2 = -

b+ b = -8~ bo + b= -k
@+ -lsa = -140 b = -k

a= § b =



Stating the Equation of a Polynomial from its Graph

The equation of a polynomial can be found from its graph, similar to quadratics.
fix) &

f(x) = k(x —a)(x — b)(x — c¢) is the general equation of the function. We can calculate k by
substituting in (0, d).

Note that if the graph just touches the axis at x = a (turning point is on the x-
axis), then (x — a)? is a root.

Examples

QP-20 Determine the equation of the function:

(@) (b)

fx) A

\AERY,

(c) (d) )4

A 4

f(x)

(€) (f)

/| /

=Y
i
!



(a) Y= k(xn)Lx-\Xx-l;) (1)
when Xzo Y= %0
30 = k(ﬁ-)(_—lx-g)

30 T lok
k=13

= 3 we2)x-1)2-5)

@y k(e ) 2o EDW

Whay x =0 L1= 44

4y = k(_l{-)(—-?,X-‘L)
bg = |bk
k=13

g = 3("-* LI'XJL—'J.)L

(d) y= Lc(x»rgx:wl.)(_x—u)[}—'l) e)
When L=0 Y=-|lo
o = L (5)(2)-4)1)
-140 = 280k

: -k
1

Y* "l'l( ’”'FX)H 1)(1- 'le—])
) y = k()u—il)()u b )

WHEN =20 Y= 5%

86 = ke (1)(+)

3% = bk
k22

y = 2(xen )fss)

y= L'-(?H-”l)(_xﬂa-)txﬂlu)
whznv x:= 0 Y = L¥0

2%0 = k('[)(q)(;w)
280 > - 280k
k=~

Y= - ['x+'lXx+f+Xx—[o)

y > k(mi-!:)(}%)[x— IX;-Q.)
WheEN X=0 Y= nn
Wy = k(s)[a)(-ﬁ-ﬂ
e = 1 e
k=1

y= (x+e)(x-2)’



Solving Polynomial Equations

Once we can factorise a polynomial, we can solve a polynomial equation.

When solving polynomial equations each bracket is equal to zero.

Examples
QP-21 Find the roots of x3 — 2x? — x +2=0
[ I -z -l 7
oo -1
-l - o |
Rem =0 so(x-1) & A FACOR
13- r-x+2L =0
(x.-:)(x"-x—'l,)‘—o
(x-1)(-2)(xs1) =2
Xz x=1 3L=—q
QP-22 Solve x* + 5x3 4+ 2x?> — 8x =0

xt+ TP+ 2" =82 =0
x (2> + 5a*+1x -3)7 o

-2 -6 ¥
! 3“*L°,I

Rzm =0 so (JH'L) 15 & FACTOR

_1L| g 2 -¥

w1 5x3r 1t -%x - o
)L(Zd'l)(1143x—L})2D
x(aul)(:m L})(x-l) =0

‘x:o xz-2 x=-l x“\




Summary
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