Higher Mathematics Quest

Old Past Papers - Differentiation

soa] 1. Find the coordinates of the point on the curve y = 2x? — 7x + 10 where the tangent
to the curve makes an angle of 45° with the positive direction of the x-axis.

Part | Marks | Level | Calc. | Content Answer U1 0C3
4 C NC | G2,C4 (2,4) 2002 P1 Q4
o! sp: know to diff., and differentiate ol % —4x —7
o2 pd: process gradient from angle o Miang = tan45° =1
o3 ss: equate equivalent expressions e 4x—7=1
o pd: solve and complete ot (2,4)
sQa] 2. The graph of a function f intersects the YA (c,d)
x-axis at (—a,0) and (e,0) as shown.
There is a point of inflexion at (0,b) and a (0,b)
maximum turning point at (c,d). '
Sketch the graph of the derived function f’. (—a,0)
/ @) (g’ O)\ X
y=fx)
Part | Marks | Level | Calc. | Content Answer U1 0C3
3 C CN | A3,C11 sketch 2002 P1 Q6
ol ic: interpret stationary points o! roots at 0 and c (accept a statement to
¢ ic: interpret main body of f this effect)
& ic: interpret tails of f ¢2 min. at LH root, max. between roots
® both ‘tails’ correct
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sQal 3. A goldsmith has built up a solid which consists of a triangular
prism of fixed volume with a regular tetrahedron at each end.

The surface area, A, of the solid is given by

Ax) = # <x2 + E)

X

where x is the length of each edge of the tetrahedron. !

Find the value of x which the goldsmith should use to
minimise the amount of gold plating required to cover the
solid.
Part | Marks | Level | Calc. | Content Answer U1 0C3
6 A/B | CN | C11 x=2 2000 P2 Q6
o! ss: know to differentiate ol Al(x)=...
o> pd: process 2 %(ZX —16x72) or 31/3x — 241/3x 72
¢ ss: know toset f/(x) =0 3 Al(x) =0
o pd: deal with x2 ot _16 or 243
2 2
¢° pd: process 5 429 *
® ic:  check for minimum e
e lec 6 x |20 2 2t
A(x) | —ve 0 +ove
S0 x = 2 is min.

[SQA] 4. A company spends x thousand Pa
pounds a year on advertising
and this results in a profit of P
thousand pounds. A mathematical
model , illustrated in the diagram,
suggests that P and x are related by
P=12x% —x* for 0 < x < 12. O (12,0) ¥

Find the value of x which gives the
maximum profit.

Part | Marks | Level | Calc. | Content Answer U1 0C3
5 C NC | C11 x=9 2001 P1 Q6
ol ss: start diff. process ol L =36x2.  ordl = . —4x}
2 pd: process o2 I = 36x2 — 4x3
¢’ ss: set derivative to zero o3 ZZ_P -0
X
o‘; pd: process . o Y—0andx =9
¢’ ic: interpret solutions > nature table about x = 0 and x = 9
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5. The shaded rectangle on this map
represents the planned extension to the
village hall. It is hoped to provide the
largest possible area for the extension.

The coordinate diagram represents the
right angled triangle of ground behind

the hall.

The extension has length

metres and breadth b metres, as shown.
One corner of the extension is at the point

(a,0).

(@) (i) Show that [ = %a.

(ii) Express b in terms of a and hence deduce that the area, A m?, of the
extension is given by A = 3a(8 —a).

Quest

Village hall
m \

g
< >
e 8Sm
2 Manse Lane
yu
L(0,6)
[
b -
O (a,0) (8,0)

(b) Find the value of a which produces the largest area of the extension.

Part | Marks | Level | Calc. | Content Answer U10C3
(a) 3 A/B | CN | CGD proof 2002 P2 Q10
(b) 4 A/B | CN | C11 a=4

ol ss:  select strategy and carry o! proof of | = 3a
through o> b=23(8—a)
o2 ss:  select strategy and carry 3 complete proof leading to A = ...
through 4 dA
¢’ ic: complete proof o h=--=0
o 6— %a
ot ss: know to set derivative to zero o0 g =
o> pd: differentiate o’ e.g. nature table, comp. the square
® pd: solve equation
¢’ ic:  justify maximum, e.g. nature
table
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16
[sQa] 6. A curve has equation y = x — W, x > 0.

Find the equation of the tangent at the point where x = 4.

Part | Marks | Level | Calc. | Content Answer U1 OC3
6 C CN | C4,C5 y=2x—-12 2001 P2 Q2
! ic: find corresponding y-coord. o' (4,—4) stated or implied by e°
o2 ss: express in standard form 2 _16x 2
o3 ss: start to differentiate 3 % =
¢ pd: diff. fractional negative power ot ... 4 8x 3
5 T ) e
06 ss fmi g(];adlent of tar;%ent t 5 iy =2
¢® ic: write down equ. of tangen 6y — (—4) =2(x —4)
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soa] 7. A sketch of the graph of y = f(x) where f(x) = x> — 6x% + 9x is shown below.

The graph has a maximum at A and a minimum at B(3,0).

Y1 A

y = f(x)

B(3,0) X

(a) Find the coordinates of the turning point at A.

(b) Hence sketch the graph of y = g(x) where g¢(x) = f(x + 2) + 4.

Indicate the coordinates of the turning points. There is no need to calculate
the coordinates of the points of intersection with the axes.

(c) Write down the range of values of k for which g(x) = k has 3 real roots.

Part | Marks | Level | Calc. | Content Answer U1 OC3
(a) 4 C | NC |cs A(1,4) 2000 P1 Q2
)] 2 C NC | A3 sketch (translate 4 up, 2

left)
(c) 1 A/B | NC | A2 4<k<8
o' ss: know to differentiate ol Z—Z =...
oi pd: differentia’ge correctly o2 % —3x2_-12x+9
04 ss: know gradient = 0 o3 332 —12x+9 =0
o* pd: process ol A=(1,4)
5 . . .
o ic: interpret transformation translate f(x) 4 units up, 2 units left
o ic: interpret transformation
;. ® sketch with coord. of A’(—1,8)
o ic: interpret sketch ¢ sketch with coord. of B'(1,4)
o/ 4 <k < 8(acceptd <k <8)
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sQa] 8. The diagram shows a sketch of the Y4
graph of y = x° — 3x% + 2x. y = x3 — 3x2 + 2x

(@) Find the equation of the
tangent to this curve at the
point where x = 1. 0O

(b) The tangent at the point (2,0) \/ x
has equation y = 2x — 4. Find
the coordinates of the point
where this tangent meets the
curve again.

Part | Marks | Level | Calc. | Content Answer U20C1
(a) 5 C | CN [C5 X+y= 2000 P2 Q1
® | 5 C | CN | A23, A22,A21 | (—1,-6)

ol ss: know to differentiate ol Yy =...

o’ pd: differentiate correctly o’ 3x2 —6x +2

¢’ ss: know that gradient = f/(1) Y1) =-1

o' ss: know that y-coord = f(1) ot y(1) =

¢° ic: state equ. of line  y—0=—-1(x—1)

% ss:  equate equations o 2x —4 =x%—3x% 4 2x

¢’ pd: arrange in standard form o/ X3 -3x2+4=0

% ss: know how to solve cubic -1 =3 0 4

o’ pd process o3 e e e

¢! ic: interpret B
¢’ identify x = —1 from working
10 <_1’ —6)
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sQal 9. The diagram shows part of the graph of the Y
curve with equation y = 2x3 — 7x% + 4x + 4. y=f(x)

(a) Find the x-coordinate of the maximum
turning point.

(b) Factorise 2x3 — 7x% + 4x + 4.

(c) State the coordinates of the point A and A .
hence find the values of x for which [ O (2,0) x
2¢% —7x* +4x +4 <0.

Part | Marks | Level | Calc. | Content Answer U2 OC1
(a) 5 C NC | C8 x=3 2002 P2 Q3
(b) 3 C NC | A21 (x—=2)2x+1)(x—2)

(c) 2 C NC | A6 A(—3,0),x < -1
! ss: know to differentiate ol fl(x)=...
o2 pd: differentiate o2 6x2 —14x +4
¢’ ss: know to set derivative to zero ¥ 6x2 —14x+4=0
e pd: start solving process of equation ot Bx—1)(x—2)
o> pd: complete solving process o x=1
o® ss: strategy for cubic, e.g. synth. 2 -7 4 4
division o cee
o’ ic:  extract quadratic factor e e - 10
8 pd: complete the cubic factorisation o 2x2 —3x—2
8 — —
o’ ic: interpret the factors © (¥=2)2x+1)(x-2)
¢! ic: interpret the diagram o’ A(-1,0)
o0 < —%
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soa]  10. The diagram shows a sketch of the graphs of y = 5x*> — 15x — 8 and
y=2x>—12x+1.

The two curves intersect at A and touch at B, i.e. at B the curves have a common
tangent.

y:x3—12x—|—1_;"§

=V

y = 5x* —15x — 8

() (i) Find the x-coordinates of the point of the curves where the gradients are
equal.

(ii) By considering the corresponding y-coordinates, or otherwise,
distinguish geometrically between the two cases found in part (i).

(b) The point Ais (—1,12) and Bis (3, —8).

Find the area enclosed between the two curves.

Part | Marks | Level | Calc. | Content Answer U2 OC2
(ai) 4 C NC | C4 x=1%and x =3 2000 P1 Q4
(aid) 1 C NC | CGD parallel and coincident
(b) 5 C NC | C17 213

o! ss: know to diff. and equate o! find derivatives and equate

o2 pd: differentiate 2 3x2 — 12 and 10x — 15

¢ pd: form equation o} 3x2 —10x+3=0

ot ic: interpret solution ot x=3x=1

o> ic: interpret diagram o> tangents at x = 1 are parallel, at

¢ ss: know how to find area between X = 3 coincident

curves ® [(cubic — parabola)

o ic: interpret limits or f (Cubic) — f (parabola)

% pd: form integral o/ ffl e dy

¢’ pd: process integration

o® [(x®—5x% 4 3x +9)dx or equiv.

9 1.4 _ 5.3 4 3.2 3 :
o’ [1x* —3x° +3x* 4+ 9x| | orequiv.

ol0 211

pd: process limits
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(sQa]  11. Find the equation of the tangent to the curve y = 2sin(x — %) at the point where
x=7.
Part | Marks | Level | Calc. | Content Answer U3 0OC2
4 C CN | C5,C20 y=+3x+1- N 2002 P2 Q6
o! pd: find derivative o! % = 2cos(x — Z)
o> ss:  know derivative at x = o2 m =13
represents grad. o y_z=1
3 Lo . ~ . =3
04 Pd. find corresPondmgy coordinate oty 1=1/3(x— 1)
o* ic: state equation of tangent
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